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, Abstract 

Let X be a compact metric space and let A be a Z'^ (A: > 1) action on X. We give a solution 
Ch ' to a version of Voiculescu's problem of AF-embedding: The crossed product C{X) Xa 

can be embedded into a unital simple AF-algebra if and only if X admits a strictly positive 
A-invariant Borel probability measure. 

Let C be a unital AH-algebra, let G be a finitely generated abelian group and let A : 
G — > Aut{C) be a monomorphism. We show that C xa G can be embedded into a unital 
simple AF-algebra if and only if C admits a faithful A-invariant tracial state. 
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1 Introduction 



< 

o 

■ Quasidiagonality for crossed product C*-algebras were studied by Dan Voiculescu ( [63 

and [65]). Quasidiagonality in C*-algebras has been studied for a long time in many different 
point of views (see [10] for more information, also [IT], [58], [26], [56], [57], [66], [5], [6], [7], [18] , 
CN ■ [13] and [13], to name a few). Let X be a compact metric space and a be a homeomorphism 

. on X. It was proved by Pimsner ([53]) that C{X) xIq Z is quasidiagonal if and only if a is 

\ pseudo-non- wondering, and if and only if C{X) xIq Z can be embedded into an AF-algebra. A 

CN ■ more general question is when ^ xi^ Z can be embedded into an AF-algebra, where a G Aut{A) 

, is an automorphism on A and where ^ is a unital separable C*-algebra which can be embedded 

\ into a unital simple AF-algebra. Let A be a Z^ action on X. Dan Voiculescu (4.6 of [65] ) asked 

' when C{X) xia Z^ can be embedded into an AF-algebra. 

<^ • For the first question, there are some significant progresses around the turn of the century. 

Let A be an AF-algebra and a £ Aut{A) be an automorphism. Nate Brown ([8]) proved (1998) 
that ^ Xq, Z can be embedded into an AF-algebra if and only if yl x^^ Z is quasidiagonal. More 
importantly, a X-theoretical necessary and sufficient condition for A Xq, Z being quasidiagonal 
5^ i is also given there. When A is a unital simple j4T-algebra of real rank zero, Matui (around 

2001) (^51j) showed that yl Xq, Z can always be embedded into a unital simple AF-algebra. We 
find that it is particularly important to know when a crossed product can be embedded into a 
unital simple AF-algebra. More recently, it was proved ([49j) that, for any unital AH-algebra 
A, yl Xq Z can be embedded into a unital simple AF-algebra if (and only if) A has a faithful 
a-invariant tracial state. Note that A is not assumed to have real rank zero, nor simple. 

It is much more difficult to answer the Voiculescu question above. However, there were some 
progresses made in last 15 years or so. H. Matui ([51j) showed that under some additional 
condition on the action, C{X) xa Z'^ can be embedded into an AF-algebra. N. Brown ([9]) 
proved that if ^4 is a UHF-algebra and A : Z*^ ^ Aut{A) is a homomorphism then ^4 x a Z'^ can 
be embedded into an AF-algebra. 

Suppose that there is a unital monomorphism h : C{X) xa Z'^ — > ^ for some unital simple 
AF-algebra. Suppose that r is a tracial state on A. Then Toh gives a strictly positive A-invariant 
probability Borel measure (every non-empty open set has a positive measure). In other words, 
r o /i is a faithful A-invariant tracial state. The main result of this paper is to show the following 
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theorem: Let C be a unital AH-algebra, let G be a finitely generated abelian group and let 
A : G ^ Aut{C) be a homomorphism. Then the crossed product C*-algebra C xa G can be 
embedded into a unital simple AF-algebra if and only if C has a faithful A-invariant tracial 
state. In particular, when A = C{X) and G = Z*^, this result implies that C{X) xia can be 
embedded into a unital simple AF-algebra if and only if X admits a strictly positive A-invariant 
Borel probability measure. 

In [5] , [SI] , as well as in [TU] , a version of so-called Berg's technique combined together with 
a version of Rokhlin property played an important role. Let C be a unital separable amenable 
C*-algebra and let a G Aut{G) be an automorphism. Suppose that one can formulate a right 
condition for two unital monomorphisms (pi,(p2 '■ C — > A, where ^ is a unital simple AF- 
algebra, to be asymptotically unitarily equivalent, i.e., there is a continuous path of unitaries 
{ut : t G [0, oo)} of A such that 

lim adut o ipi{a) = (p2{a) 

t—KX> 

for all a (z G. Then the technique developed in the above mentioned articles can be used to 
prove that C Xq,Z can be embedded into a unital simple AF-algebra (see 5.5 of [48]). In [49], we 
present a necessary and a sufficient ET-theoretical condition for (pi and (p2 being asymptotically 
unitarily equivalent in the case that C is a unital AH-algebra. From this, we obtain a necessary 
and sufficient condition for C Xq Z to be embedded into a unital simple AF-algebra in the case 
that C is a unital AH-algebra mentioned above (see 10.5 of [49j ) . However, it is not clear how 
to formulate a higher dimensional version of Berg's technique. 

On the other hand, one may write G xa Z^ = (C x^^ Z) Xq,^ Z for some automorphisms 
ai and 02 on G. To prove a true asymptotic unitary equivalence theorem for C*-algebras with 
the form G Xq^Z as above seems to require much more general theory for the classification of 
amenable C*-algebras. However, we try to pass it via a special path. Given two monomorphisms 
(/7i,(/32 : C Xfjj Z — > A, where ^ is a unital simple AF-algebra with a unique tracial state and 
Kq{A) = pyi(Ko{A)), i.e., Kq{A) has no infinitesimal elements, we will give a (necessary and 
sufficient) condition for their induced maps ip^^\ip'^^ from G Xq,jZ to B, a larger simple AF- 
algebra, to be asymptotically unitarily equivalent. This will lead to a monomorphism from 
C X A Z^ into another unital simple AF-algebra. 

To establish such a result, as in the case of AH-algebra (see |49j). it requires some version of 
so-called Basic Homotopy Lemma for the crossed products. It in turn requires an approximate 
unitary equivalence theorem for the crossed products. Our strategy is first to prove such a 
result. This requires a non-commutative version of Berg's technique and a version of Rokhlin 
property as well as a uniqueness theorem for monomorphisms from an AH-algebra. We also 
need an existence type theorem to provide the needed bott map. Combining these, we are able 
to establish the required homotopy lemma. Finally, to obtain similar results beyond Z^ action, 
one uses the induction. Several arguments will be repeated. 

The paper is organized as follows: Section 2 provides a number of conventions, facts and 
reviews a couple of known results which will be used several times in the proof. Section 3 is 
devoted to the approximate unitary equivalence for monomorphisms from the crossed products. 
In section 4, we show that the prescribed bott map can be constructed using some existing 
knowledge. Section 5 establishes the required homotopy lemma. In section 6, we proved the 
needed asymptotic unitary equivalence theorem for the crossed products. In section 7, we present 
the theorem that C xa Z^ can be embedded into a unital simple AF-algebra if and only if G 
admits a faithful A-invariant tracial state. Section 8 provides some absorption lemma. Finally, 
in section 9, we use the induction to prove the main embedding theorem. 
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2 Preliminaries 



2.1. Let A be a C*-algebra. Denote by T{A) the tracial state space of A and denote by 
Af f{T{A)) the space of all real affine continuous functions on T(A). Denote by pA '■ Kq{A) — > 
Af f(T(A)) the positive homomorphism defined by = r (g> Tr{p) for all r G T{A) and 
projections p G Mfc(A), where Tr is the (non-normalized) standard trace. 

2.2. Let C/(yl) be a unitary group of ^. Denote by Aut{A) the automorphism group. If tt G 
denote by adii the inner automorphism defined by adu(a) = u*au for all a (z A. 

2.3. A C*-algebra A is an AH-algebra if ^ = lim„^oo(^„, ^/)„), where each An has the form 
PnM^n){C{Xn))Pn^ where X„ is a finite CW complex (not necessarily connected) and P„ G 
Mk{n){C{Xn)) is a projection. 

We use ipn,oo '■ -^n — ^ A for the induced homomorphism. Note that every separable commu- 
tative C*-algebra is an AH-algebra. AF-algebras and ^T-algebras are AH-algebras. 

2.4. Denote by M the class of separable amenable C*-algebras which satisfies the Universal 
Coefficient Theorem ([59j). 

2.5. Let X be a compact metric space. Denote by Homeo{X) the group of all homeomorphisms 
on X. 

2.6. Let A and B be two C*-algebras and let Li,L2 : A ^ B he two maps. Let e > and 
JT c A be a subset. We write 

Li L2 on J^, 

if 

||Li(a) — L2(q^)|| < e for all a £ J^. 
We say map Li is e-.F-multiplicative if 

\\Li{ab) - Li{a)Li(b)\\ <e for ah a,b e 

Definition 2.7. Let A and C be two unital C*-algebras and lei ipi,(p2 '■ C ^ A be two unital 
monomorphisms. Define the mapping torus 

M^i,^2 = {/ e C([0, 1],A): /(O) = Mc), /(I) = Mc) for some c G C}. 
One obtains an exact sequence: 

0^ SA^ M^^^^ C ^0. (e2.1) 

Denote by irt : M<^j^(^2 ~^ the point-evaluation at t (t G [0, 1]). 

Suppose that C is a separable amenable C*-algebra. From (le 2.11) . one obtains an element 
in Ext{C, SA). In this case we identify Ext{C, SA) with KK\C, SA) and KK{C, A). 

Suppose that [(p] = ['0] in KK{C, A) and C satisfies the Universal Coefficient Theorem, using 
Dadarlat-Loring's notation, one has the following splitting exact sequence: 

^ K{SA) ^K{M^,,^,) T±e K{C) ^ 0. (e2.2) 

In other words there is G Hom\ (K(C), K(M,nj^ such that [ttq] o = [idc]. In particular, 
one has a monomorphism 0\x^(^c) '■ -^i(^) ~^ Ki{M^p^^) such that [ttq] °0\ki{A) = (idc)*i- Thus, 
one may write 

Ki{M^,,^,) = Ko{A)(BKi{C). (e2.3) 
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Definition 2.8. Suppose that T{A) ^ 0. Let u G M;(M<p_^) be a unitary which is a piecewise 
smooth function on [0, 1]. For each r € T(A), we denote by r for the trace r Tr on Mi(A), 
where Tr is the standard trace on Mi. Define 

R^^^{u){t) is real for every r G T'l^)- 

Suppose that [ipi] = [ip2] in KL{C,A). We also assume that 

T{ipiic)) = T{ip2{c)) for ah c G C and r G T(^). (e2.5) 

Exactly as in section 2 of [30], one has the following statement: 

When [ipi] = [ip2\ in KL{C, A) and ()e 2.5p holds, there exists a homomorphism 

R^,^:Ki{M^,^)^Aff{T{A)) 

defined by 

We will call R^^^ the rotation map for the pair ip and ^/J. 

Suppose also that t o cpi = t o ip2 for all r G ^(74). Then one obtains the homomorphism 

°^ki{C) : K^{C) ^ ^//(r(^)). (e2.6) 
To keep the same notation as in [30], we write 

if Ry,^t(, o 9 = 0, i.e., 9{Ki{C)) G keri?^j_^2 for some such 6*. Thus, 6 also gives the following: 

keri?^^^ = kerpA © Ki{C). 

Under the assumption that [ipi] = [992] in KK(C, A) and roipi = TOip2 for all r G T[A), and 
if, in addition, Ki{C) is torsion free, such exists whenever pa{Kq{A)) = R^p^^^p^{Kl{M^p^^^p^)) 
and the following splits: 

ker/)A keri?^-^^^2 ^ -^i(^) —* 0. 

For further information about rotation maps, see section 2 of [30j and section 3 of |;49J. 

2.9. Let A be a unital amenable C*-algebra, let i? be a unital C*-algebra and let h : A ^ B he 
a homomorphism. Suppose that v G U{B). We will refer to ^47j for the definition of Bott(/i,t') 
and botti(/i, v). 

Given a finite subset V C K_{A), there exists a finite subset J- <Z A and (5o > such that 

Boii{h,v)\p 

is well defined, if 

||[/i(a), i>]|| = \\h{a)v - vh{a)\\ < 5o for all a G 

(see 2.10 of [47]). 
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There is 5i > ([50j) such that botti(ii, f) is well defined for any pair of unitaries u and v 
such that \\[u, v]\\ < 6i. As in 2.2 of [22], if vi,V2, ■.■,Vn are unitaries such that 

Vj]\\ < 6i/n, j = 1,2, ...,n, 

then 

n 

botti(n, viV2 • ■ ■ Vn) = botti(ti, Vj). 

j=i 

We will also use 13 for the usual homomorphism from Ki{A) to Kq{A ® C(T)). 
See section 2 of [47j for the further information. 

Definition 2.10. Denote by lA throughout this paper the universal UHF-algebra lA = ^n>iMn- 
Let {e^"''} be the canonical matrix units for M„. Let Un G M„ be the unitary matrix such 

that aduniel"^) = e^^^^j^i (modulo n). Let a = (8'n>iadiin G Aut{U) be the shift (see for 
example Example 2.2 of [8]). A fact that we will use in this paper is the following cyclic Rokhlin 
property that a has: For any integer k > 0, any e > and any finite subset C U, there exist 
mutually orthogonal projections ei, 62, € W such that J2i=i — ^u-, \\xei — eix\\ < e for all 
X e T and a{ei) = ei+i,i = 1,2, ...,k (e^+i = ei). 

k 

Denote U'' = U ®U ® ■ ■ ■ ®U .Wq note that ^ U. 
Throughout this paper, lA and cr will be as the above. 

Definition 2.11. It follows from [51] (and its proof) that there is a unital monomorphism 
j : lA "L ^ U. However, in this case, more is true. First [a] = [idj^/] in KK(U,U) and 
T = T o a. Since KiiU) = {0}, Ki{M\^j^^fy) = Kq{U). In particular (see [30]), there exists a 
continuous path of unitaries {v{t) : t G [0, 00)} of lA such that 

lim v{t)*av{t) = a{a) for ah a gU. (e2.7) 

Therefore, as in [51], there is a unital embedding ip -.U x^Tj such that 

T o If = T. (e 2.8) 

Define V' : Z^Xo-^ U^IA by il){a) = (p{a)®lu for alia GlA and ^(uo-) = ip{ua)'S>(p{u'^)- Then 
■0 is a unital monomorphism. Denote hy s : U ® lA ^ U an isomorphism with s*o = ^^KoiU^U)- 
We define z : ^ Xg- Z ^ by s o ^. 

In what follows, i will he used without further explanation. 

Lemma 2.12. Let C he a unital separahle C* -algehra and let a € Aut{C) he an automorphism. 
Let B he a unital separable amenable C* -algehra. Suppose that ip : Cxi„Z— >i? is a unital 
homomorphism such that (p\c is injective. Define a unital homomorphism (p^^^ : Cy^^'L ^ B0lA 
defined by ip^^\c) = (p{c) ® ly for all c G C and (p'^'^\ua) = fiua) ®i{ua-). 
Then 99^^) is a monomorphism. 

Proof. Let Ci = {C 0U) yia^a ^- Then a (g) o" is known to have the cyclic Rokhlin property (see 
I2.10p . We view lA as a. C*-subalgebra ollAxiaZ. Define ip : Ci ^ B^IA by ip{c0b) = 'p{c)®i{b) 
for all c £ C and h GlA and '4j{ua®a) = ^{ua) ^ i{ua). Then Ci\c^u is injective. Since a a 
has the cyclic Rokhlin property, by Lemma 4.1 of [46] . ip is injective. Let : C Xq, Z — > Ci 
be defined by jo(c) = c (g) 1^^ for c G C and jo{ua) = Ua^a- Then jo is an embedding. Note 
ipW = o jo. 

□ 
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Theorem 2.13. (Corollary 4.8 of [S]) Let C be a unital AH-algebra and let tq G T{C) be a 
faithful tracial state. 

Let e > 0, c C he a finite subset. There exists 5 > 0, cr > 0, a finite subset Q and a finite 
subset V C K_{C) satisfying the following: 

For any unital simple C* -algebra with tracial rank zero with a unique tracial state r G T{A), 
any two unital 5 -Q -multiplicative contractive completely positive linear maps Li, L2 : C ^ A 
such that 

[Li]\v = [L2]\v and (e2.9) 
T o Li Tq on Q, (e2.10) 

there exists a unitary w € U{A) such that 

adw o Li L2 on (e2.11) 

Proof. It is clear that the general case can be reduced to the case that C = PA4k{C{X))P, where 
X is a finite-dimensional compact metric space and P € Mk{C{X)) is a projection. Since tq is 
fixed, the statement follows from Cor. 4.8 of |44j . 

□ 

The following is a direct application of a theorem Choi and Effros {[121, see 5.10.10 of [35]). 

Proposition 2.14. Let A be a separable amenable C* -algebra. For any e > and finite subset 
T C A, there is 5 > and a finite .subset Q d A satisfying the following: 

For any C* -algebra B and any self-adjoint linear map L : A ^ B which is 5 -Q -multiplicative, 
there exists an e- J- -multiplicative contractive completely positive linear map ip : A ^ B such 
that 

L^^ip on T. (e2.12) 
//, furthermore, A has a unital, one may assume that (p{1a) is a projection. 



3 Approximate unitary equivalence 

Lemma 3.1. Let C be a unital amenable separable C* -algebra and a € Aut{C) be an automor- 
phism. For any e > 0, L > and finite subset T (Z C, there is 5 > and a finite subset Q C C 
satisfying the following: 

Suppose that A and B are two unital amenable separable C* -algebras, ip : C Xq, ^ — > ^ o-nd 
ij) : lA yi(j ^ B are two unital monomorphisms. Fix unitaries ui £ A, U2 B such that 
ulip{a)ui = if{a{a)) for all a & C and U2ip{b)u2 = ip{a{b)) for all b gU. Suppose that there is a 
unitary v G U{A) and a continuous path of unitaries {vt : t £ [0, 1]} C A (g) 1 such that 

n-l 

vo = l, vi = Yl{u^-^-^r{v(^lB)u''-^-^, (e3.13) 

j=0 

\\[v, ip{a)]\\ < S, \\[vt, ifia) Is] II < 6 for all a e Q and t E [0, 1], (e3.14) 
and Length{{ut}) < L and (L + l)/n < e/2, (e3.15) 

where u = ui ®U2, then there is a unitary w ^ A® B such that 

adu; o ip{a) «e for all a ^ T and w*u{v Ib)w ~e u, (e3.16) 

where we identify a with a0l for a € A. 
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Proof. Fix e > 0. We may assume that JF is in the unit ball of C. Put S = 4„(^^i) • Let 
Q = U_2n<i<2nCf^(-^)- Suppose that {vt} satisfies the assumption. 

There are mutually orthogonal projections ^'1,52, Qn S ipi^^) with J2]=i Qj = such that 

U2qjU2 = qj+i, j = l,2,....,n (g„+i = gi). (e3.17) 

Define = 1 g^, i = 1, 2, n + 1 with e„+i = ei. 

In what follows, we will identify an element a E A with the element a 01 in AiS) B whenever 
it is convenient. So we may write that v = v 01 and note that 

There are yi,y2, ■■, Un £ {vt} C A^il such that 

yi = 1, yn = vi and \\yj - yj+i\\ < ^, j = l,2,...,n. (e3.18) 

Put xi = yl, X2 = yiyl, X3 = y2yl,-, x^-i = yn~2yn-i and x„ = yn-Wn- Note that 

II [(^(a), Xj]\\ < 2S for all aeQ, j = 1,2,..., n. (e3.19) 



Put 
Define 



Sj = v*u*vu- ■ ■ {u-' ^)*v*u-' ^, j = 1,2, ...,n — 1 

m = n"-i<_ia;is„_iK-i)* (e3.20) 

m = n'*-'4_2X2S„_2(u"-2)*, (e3.21) 

■■■ , (e3.22) 

'r)n-2 = u'^S2Xn-2S2{u'^)* = u'^{u*Vu)vXn-2V*{u*V*u){u'^)* (e3.23) 

rjn-i = uvxn-iv*u* (e3.24) 

Vn = Xn- (e3.25) 



Note that 



ip{a)uvu* = uu* (p{a)uvu* = wp o a{a)vu* (e3.26) 

uvip o a{a)u* (e3.27) 

= uvu*uip o a{a)u* = uvu*ip{a) (e3.28) 

for all a G U_2(n-i)<j<2(n-i)Q^(-^)- If follows that 

\Ma), r,j]\\ < 2{n-j + 1)6 for all a G U_2(„-,)<,<2(n-i)a''(^) (e3.29) 

and for j = 1, 2, n. Put 

di = eivrjiei, d2 = e2vri2e2, = u*d2uvrise3, ... (e3.30) 

dj+i = u*djuvr]j+iej+i, ...,dn = u*dn-iuvr]nen- (e3.31) 

Note that 

dn = {u^ydn-2u'^u*v{uvxn-iv*u*)uvrinen (e3.32) 

= {u^y dn-2U^U*VUVXn-lXnen (e3.33) 
= {u^ydn-ZU^{u'^yv{u^U*VUVXn^2V*{u*Vu){u'^y){u^U*VUVXn-lXnen) (e 3.34) 

= {y?y dn-iU^{u'^yvU^U*VUVXn-2Xn-lXn^n (e3.35) 

(e3.36) 

= V1X1X2 ■ ■ ■ Xnen = en (c 3.37) 



7 



Define 



Z = ^dj. (e3.38) 
i=i 

Note that Z e U{A ® B). We estimate that 

Lp{a)di = eiip{a)veir]iei (e3.39) 
eiU(/9(a)r/iei (e3.40) 
~2n<5 eivr]ieiip{a) = di(p{a) (e3.41) 

for all a G- Suppose that we have shown 

ip{a)dj ^(^j(^2n+3)-j{j+i))S dj(p{a) for all a G Li_2(n-j)<i<2{n-j)a'{^)- (e3.42) 

(p{a)dj+i = ip{a)u* djUvrjjCjj^i (e3.43) 

= u*ip o a^^ (a)djuvr]jej^i (e3.44) 

~{i(2n+3)-i{i+i))<5 u*djipoa'^{a)uvi7]jej+i (e3.45) 

= u*djULp(a)vr]jej+i (e3.46) 

f«5 u*djUVip{a)rjjej+i (e3.47) 

~2(n-j)5 u*djuvrijej+iip{a) (e3.48) 

for all a G U_2{n-j-i)<j<2{n-j-i)Q^*(-^)- other words, 

ip{a)dj+i «(j+i)(2„+3)-(j+i)(i+2)<5 dj+i99(a) (e3.49) 

for all a G U__2{n-j-i)<j<2{n-j-i)Q^*(-^)- It follows that 

II [Z, (/7(a)] II < 2n(n + for all a G J^. (e3.50) 

Note that 

||r/,- - 111 < L/n < e/2, j = l,2,...,n. (e3.51) 

We then compute that 

n-l 



Z*uZ = d*^enueidi + ''^2djejuej+idj+i (e3.52) 

n-l 

= BnUvqiei + ''^^u{u*djUej^idj+i) (e3.53) 

n-l 

= BnUvqiei + 'y^^u{u*d*uej+iu*djUV7]jej+i) (e3.54) 
i=i 

n-l 

= CnUvriiei + ''^^uej+ivr]jej+i (e3.55) 

n-l 

f«e e„TOei + TOCj+i = ™ (applving ije 3.5ip ). (e3.56) 
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Put w = Z*.lt follows from (|e3.5UI) that 

adu; o If (a) if{a) for all a € T. (e3.57) 

Moreover, by (|e 3.52p . 

w*{uiv (g) U2)w = Z{uiv U2)Z* u. (e3.58) 

□ 

Lemma 3.2. Let C be a unital AH-algebra and let a G Aut{C) be an automorphism. Suppose 
that A and B are two unital simple C* -algebras with tracial rank zero, ip : C Xq, Z — > ^4 and 
-.U yifjlj ^ B are two unital monomorphisms. 

For any e > and any finite subset C C, there is 6 > 0, a finite subset Q C C and a finite 
subset V C K_{C) satisfying the following: 

Fix unitaries ui & A, U2 & B such that u*(/9(a)ui = <p{a{a)) for all a ^ C and U2ip{b)u2 = 
■0((t(6)) for all b ^U. Suppose that there is a unitary v € U{A) such that 

\\[v, (/?(«)] II < S, for all a £ Q and Bott((/5, v)\'p = 0, (e3.59) 

then there is a unitary w (z A (S) B such that 

w*{ip{a) ® Ib)'w ~e V'i'^) ^X) 1_B for all a € T and w*u{v ® 1b)w ~e u, (e3.60) 

where u = ui ® U2- 

Proof. Fix a finite subset T <Z C and e > 0. Define : C ^ A<^ B hy if' {c) = (p{c) ® 1_b for all 
ceC. 

Let 5i > (in place of 6) and Gi C C (in place of t/) be a finite subset required by 13.11 for 
L = 27r + 1. 

Let n > 1 be an integer such that < min{e/2, (5i/2}. 

Let 62 > (in place of (5), ^2 C C (in place of G) be a finite subset and let Vi C K_{C) be 
a finite subset required by 17.9 of [47] corresponding to 5i/2 (in place of e), Qi (in place of J^) 
and (p'\c- 

Without loss of generality, to simplify notation, we may assume that JT, Qi and Q2 are all in 
the unit ball of C. We may further assume that 82 < min{^i/2, e/2}. 
Define 

n-l 

VI = Yliu^'-^-^Yiv l)n"-i-^ (e3.61) 

j=0 

where u = ui ® U2. Note that vi £ A®\. Define 

g = Ull_2^a'{g2) and V = ull_2^[a']{r,). 

Let 5 > so that 6 < 62 /2n'^. 
Suppose that 

II [(/7(c), v]\\<5 for all c G a and Bott((/9, v)\v = 0. (e3.62) 
We may also assume that Bott(/i', f')|p is well defined provided that 

\\[h',v']\\<n^5 <52/2 (e3.63) 
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for any unital homomorphism h' from C and any unitary v' . 
Note we have 

Bott((/?', w (g) Is) [p = 0. (e 3.64) 

Note that, 

ip'{a)u*{v®lB)u = u*Lp'{a~'^{a)){v ®Ib)u (e3.65) 
K,^ u* {v ® Ib)/^' {oi^^{a))u (e3.66) 
= u*{v®lB)uip'{a) (e3.67) 

for all a G U^"l2n+i«^(^2)- It follows that 

\\y{a), vi]\\ <n5 < 52/2n for all a e G2. (e3.68) 

By (je 3.64p . we have that 

Bott(v9', {uiy{v®lB)u^)\v^ = Boti{ip',v(^lB)\[^-j](v,) = 0, (e3.69) 

(e3.70) 

j = 0, 1, 2, n — 1. It follows that 

ra-l 

Bott((/?', vi)\v^ = ^Bott((/j', (ii^)*(7;(g) lij I =0 (e3.71) 
i=i 

The above is computed in A (g) 1. It follows from the Basic Homotopy Lemma 17.9 of [47J that 
there exists a continuous path of unitaries {v{t) : f G [0, 1]} C U{A (g) 1) such that 

u(0) = 1, ^(1) = vi and ||[v9'(c), v{t)]\\ < 6i/2 for all a G Gi. (e3.72) 

Moreover 

Length({f (t)}) <2tt + 1 = L. (e 3.73) 

Thus 13.11 applies. 

□ 

Corollary 3.3. Let C be a unital AH-algebra, let a G Aut{C) be an automorphism and let 
A = A0U be a unital simple AF-algebra with a unique tracial state r and Kq{A) = pa{Kq{A)). 
Suppose that (/^i) ¥^2 : C xIq, Z — > A are two unital monomorphisms. For any e > and any finite 
subset C C Xq Z, there exists 6 > 0, a finite subset Q C C and a finite subset V C Ki{C) 
satisfying the following: 

Suppose that there exists a unitary z ^ A such that 

Sidzoipi[a) 922(a) for all a ^ Q (e3.74) 

and, for any x € V, 

botti((^2, f2{ua)*z*^i{ua)z){x) = 0. (e3.75) 

Then there exists a unitary w G U{A^U) such that 

adwoif^^^ if'^^ on !F, (e3.76) 

where (^."^^ : C yia^ —>■ A®U is defined by (pf'\c) = <fi{c) (g) In and Lp"^\ua) = ^i{ua) ® i{ua), 
i = 1,2. 
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Proof. Let e > and JFcCx^^bea finite subset. Without loss of generality, we may assume 
that = J^qU {ua}, where C C is a finite subset. 

Let 6 > 0, Q C C he a finite subset and Vi C K.{C) be a finite subset required by 13.21 for e/2 
and above (with ip being replaced hy Lp2, B = U and being replaced by i). Without loss of 
generality, we may assume that Q is in the unit ball of C and 6 < e/2. 

Since Kq{A) is divisible and torsion free, there is a finite subset V C Ki{C) such that 

Bott((^2, v)\-p^ = (e3.77) 

provided that 

botti((/?2,w)|p = (e3.78) 

and ?; is a unitary and Bott(992) v)\'p^ is well-defined. 

Now suppose that (|e 3.74p and (|e 3.75P hold for above 5, Q and V. 
Define 

V = ip2{ua)* z*(Pi{uq)z. (e3.79) 

Then 

|[[V92(c), v]\\ < 5 for all c G a and Bott(992, v)]^^ = 0. (e3.80) 
It follows from 13.21 that there exists a unitary wi (z A^U such that 

adwi o ip^^^ ^^^2 ^2^^ on To and (e3.81) 

?i;i(^^^^(na)(t> (g) 9^2^^ (■"«)• (e3.82) 

Note that 

(/?2^'*(tia)(f (g) li^) = 992(^*0)"" ® «(^io-) (e3.83) 

z*ipi{ua)z ^ t{uo-). (e3.84) 

Put w = {z(g> lu)wi. Then, by (|e3.8ip . (je 3.741) and (Ie3.83p . 

ad w o (^^^-^ (^^^-^ on and adtf o (^["^^(u^) (^^"^^(u^). (e3.85) 

□ 

Corollary 3.4. Let C be a unital AH-algehra, let a € Aut{C) he an automorphism and let 
A = A^U be a unital simple AF-algebra with a unique tracial state r and Kq(A) = p^(A'o(^))- 
Suppose that <pi,ip2 ■ C Xq, Z — > A are two unital monomorphisms and suppose that there exists 
a sequence of unitaries Zn & A such that 

lim ad Zn o 991(a) = ^"2(0) for all a & C (e3.86) 

n— ►oo 

and, for any x € Ki(C) and 

botti(992, ^P2{Ua)* Znipi{Ua)Zn){x) = (e3.87) 

for all sufficiently large n. 

Then there exists a sequence of unitaries {wn} C U{A (g) U) such that 

lim ad Wn o ip^?'\a) = Lp"}\a) for all a G C y^a"^, (e3.88) 

n— >oo 

where ip^/'^ : C Xq, Z ^ ^ W is defined by ip\^^ (ua) = ^i{ua) ® ^{ua), i = 1,2. 
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Theorem 3.5. Let C be a unital AH-algehra with Ki{C) = {0}, let a € Aut{C) be an auto- 
morphism and let A = A®hl be a unital simple AF-algebra with a unique tracial state t and 
Kq{A) = pAiKoiA)). Suppose that ipi,^2 : C xIq Z ^ ^ are two unital monomorphisms such 
that 

T o (fi = T o (p2. (e3.89) 
Then there exists a sequence of unitaries {wn} C U{A U) such that 

lim ad Wn ° ^\^\a) = ip^\a) for all a G C xIq,Z. (e3.90) 

where ff''^ : C yia'^ ^ A(^hl by (pf^ (c) = (/?i(c) ® lu for all c & C and iff'\ua) = fi{ua) «(uo-), 
i = 1,2. 

Proof Since Ko{A) = pa{Ko{A)), (Ie3.89p implies that 

(¥'i|c)*o = (v'2|c)*o- (e3.91) 
Since Ki(A) = {0} and Ko(A) is divisible, (le 3.9ip implies that 

[V^ilc] = [^2\c] in KKiCA). (e3.92) 

Combining (je 3.92p and (|e 3.89p . by applying 12.131 there exists a sequence of unitaries {zn} € 
U{A) such that 

lim adzn o(^i(c) = ^2(0) for all c € C. (e3.93) 

n— >oo 

Since Ki{C) = 0, 

botti((/?2, ^2iUa)*Zn^liUa)Zn) = 0. (e3.94) 

We then apply [331 □ 

Theorem 3.6. Let C be a unital AH-algebra, let a € Aut{C) be an automorphism and let 
A = A®hl be a unital simple AF-algebra with a unique tracial state r and Kq{A) = pa{Kq{A)). 
Suppose that (/^i, y?2 : C* Xq Z — > ^ are two unital monomorphisms such that 

T o ipi = T o (p2- (e3.95) 

Suppose also that 

{KliC)) C pAiKoiA)), (e3.96) 

where jo : C ^ C Xq Z is the embedding. 

Then there exists a sequence of unitaries {wn} C U{A (g) U) such that 

lim ad Wn ° (p9'\a) = ip^\a) for all a £ C Xq Z. (e3.97) 

n.^oo 

where : C x^^Z ^ A^U by (p^j^\c) = (pi{c) ^ 1 for all c ^ C and ip\^\ua) = ^i{ua) ®i{urj), 
i = 1,2. Then 



12 



Proof. Exactly as in the proof of 13.51 we have 

[V^ilc] = [^2\c] in KKiCA). (e3.98) 

Define 

M^im = {/ e C{[0,l],A) : /(O) = <fi{a) and /(I) = ^2{a) for some a G C}. 
Then the condition ()e 3.96P impHes that 

= pa{Ko{A)). (e3.99) 

Then, by combining (|e 3.92p . by applying Lemma 11.3 of [49j and Theorem 10.7 of [49j, one 
obtains a continuous path of unitaries {zt : t & [0, oo)} C U{A) such that 

lim ad zt o (pi{a) = (/?2(a) for all a £ C. (e 3.100) 

t— »oo 

As in the proof of 13.51 Put 

= f2{ua)ziipi{ua)zt for all t G [0, oo). (e 3.101) 

Then one obtains 

lim \\[ip2ia), vt]\\=0 for all a £ C. (e 3.102) 

>oo 

In particular, for a fixed finite subset V C Ki{C), 

botti(932, vt)\v = botti((/72, vt')\v (e3.103) 
for all sufficiently large t,t'. By the Exel formula (3.6 of [49j)) for each z G U{Mk{C)), one has 
lim hotti{ip2, vt){[z]){T) = lim r(log(y,V(z)yt99(z)*) = 0, (e 3.104) 

t— >oo t— >oo 
k 

where Vt = diag(uf, vt^..., vt). Combining (je 3.103P and (je 3.104p . one must have, for any x £ V, 

botti(v92,'i^i)(2;)(T) = 0. (e3.105) 
Since Kq{A) = pa{Kq{A)), this implies that 

bottl(992,^^^)(2;) = (e3.106) 
for all X £V for all large t. Then [33] applies. 

□ 

4 Bott maps 

Theorem 4.1. Let C be a unital separable amenable C* -algebra in M which has a unital em- 
bedding j : C ^ A for some unital simple AF-algebra A. 

Then there is a unital separable simple C* -algebra B £ Af with tracial rank zero and a unital 
monomorphism ip : C —> B such that 92*1 = 7 o k, where k : Ki{C) iri(C)/Tor(Ki(C)) is the 
quotient map and 7 : Ki{C) /Tor{Ki{C)) Ki{B) is injective. Moreover, we may assume that 
B has a unique tracial state, if A has a unique tracial state. 
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Proof. Without loss of generality, we may assume that Ki{C) is torsion free, by replacing C by 

Let r G T{A) be a tracial state of A. There is a unital simple AF-algebra Aq with a unique 
tracial state and Ko{Aq) = pa{Kq{Aq)) = ID, where B is a subring of M which is also a countable 
divisible dense subgroup of M containing t{Kq{A)) with [Iaq] = 1- There is a unital monomor- 
phism ipi : ^ — >■ Therefore, by replacing j by ipi o j, we may assume that A = Aq. We may 
also assume that A^U = A. 

Let Ci = C (g) A and C2 = Ci ^ M2,...,C„+i = C„ A (g) M„, n = 1,2, . We 
will identify A with A ^ M„ whenever it is convenient. In particular, Cn+i — Cn ® ^- Put 

n 

^„ = A(g)A(g)---(g)A. Denote j\ : C\ ^ A® Ahy ji{c (g) a) = j(c) (g a for all a G yl and c G C. 
Define jn+i : C^+i ^ An+2 by i„+i(c (g) a) = j„(c) a for ah c G C„ and a G ^, n = 1, 2, .... 

Note that, since yl is a unital simple AF-algebra, Ki{Ci) = Ki{C (gU) ® Kq{A). Since 
Ki (C ® U) and Kq{A) are torsion free, the map : C ®U ^ C ®U ® A defined by a ^ a (g) 1 
induces an injective homomorphism ((/?o)*i- 

Define 931 : Ci — > C2 by 

(/?i(a) = diag(a, 1 (g ji(a)) for all a G Ci and (e4.107) 

n— 1 

/ ' ^ 

(/?„(a) = diag(a, 1 (g)i„(a), 1 (g) j„(a), 1 (gi for all a G C„ (e 4.108) 

n = 1, 2, .... Note that, for each n > 1, C„ = Ci (g) yl„. (c/?™)*! is injective, n = 1, 2, .... Put B = 
\\mn^oo{Cn-,^n)- Then 

'-Pi,oo • Ci > B IS a, unital monomorphism. In particular, ('/'i,oo)*i|ii'i(Ci) 
is injective. Therefore ((/7i,oo ° is injective on Ki{C (g U). Since ^4 is a unital simple 

C*-algebra, it is also easy and standard to check that i? is a unital simple C*-algebra. 

To verify that B has tracial rank zero, fix any e > and a finite subset C B and a positive 
element a G B+ \ {0}. Without loss of generality, we may assume that C ^Pn,oo{Cn) for some 
large n. There exists a finite subset G C Cn such that ipn,oo{G) ^ Fix an integer A: > 1. Then 
one may write 

V^n,n+k{x) = i{x) e ^{x) for ah X e Cn, (e 4.109) 

where ^ : C„ (1 — p)C„_|_fc(l — p) is a unital monomorphism such that 1 —p = en, where {cij} 
is a system of matrix unit for Mn(^n+i)---n{+k) ^^d <I> : C„ — > F, where F is a unital AF-subalgebra 
of pCnP (with li? = p) . 

Let Foo = 93n+i,oo(F). Then Foo is an unital AF-algebra with Ifoo = </'n+i,co(j')- We also 
have 

[y, ^n,oc{p)] = for ah y G .F. (e 4.110) 

This, in particular, implies that B satisfies the Popa condition (1) and (2) as in 3.6.2 of [35] (see 
also [54]). By 3.6.6 of [35], B has the property (SP). Now let e G aBa be a non-zero projection. 
We will show that we can choose p (by choosing larger k above) so that 

[l-p]<[e]. (e4.111) 

To do this, by replacing e by an equivalent projection, we may assume that e G ^m,oo{Cm) 
for some m > 1. Note that each ipn is injective. So there is a projection go ^ Cm such that 
^m,oo{qo) = e. Note that 

m 

' : : : ^ 

(go) = diag(go, 1 (g) jm(9o), 1 ® jm(go),-", 1 ® jm(9o)) (e4.112) 
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In particular, 

(go)] > [9'm+i,oo(0, l(8)jm,(go),0, ...,0)] (e 4.113) 

In other words, there is a projection gi G 1 ^ C Cm+i such that [(pm+i,oo{Qi)] < [&]■ It then 
easy to check that, for some sufficiently large k, for the above chosen p, 

[l-p]< [ipm+i,oo(.Qi)] < M- (e 4.114) 

It follows that B has tracial rank zero. Since each C„ satisfies the UCT, so does B (see |59j). 

It is also standard to show that B has a unique tracial state if A does (see, for example, 
3.7.10 of [35J). 

□ 

Corollary 4.2. Let C be a unital separable C* -algebra in J\f, let A = AfSiV( be a unital simple 
AF-algebra with a unique tracial state r and with Kq{A) = pji{KQ{A)) which is a subring o/M 
with [1a] = 1 and let j : C ^ A be a unital embedding. 

Then there exists a unital separable simple C* -algebra B ^ M with tracial rank zero, with a 
unique tracial state, pb{Kq{B)) = pa{Kq{A)) and a unital monomorphism (p : C ^ B satisfying 
the following: 



((/?)*! = 7 o K (e4.115) 

where k : Ki{C) Ki{C)/Tor{Ki{C)) is the quotient map and 7 : Ki{C)/Tor{Ki{C)) 
Ki{B) is injective. Moreover, there is a unital monomorphism h : B ^ A and a unital homo- 
morphism with /i^,o = Pb such that 

{ho ip)^o = j^Q. (e 4.116) 

Proof. By considering the composition C ^ C ®U ^ Ai^U = A, we may assume that Ki{C) is 
torsion free. Since C can be embedded into a unital simple AF-algebra, it has a faithful tracial 
state. We will keep the notation used in the proof of 14.11 Note that Cn+i = C„ <8i A for each n 
and for each t € T(C A), it has the form ti r, where ti is a tracial state of C and r G T{A) 
is the unique tracial state. We will use r for the unique tracial state on An. 
The homomorphism ipn ■ Cn — > C„+i now has the from 

n-l 



ipn{a) = diag(a, 1 (g) j„(a), 1 (g) jn(a), 1 8'in(a)) (e 4.117) 
for all a G Cn. It follows that 

1 n — 1 

(ti (g)r)((^„(a)) = -ti{a) + 'r(j„(a)) for all a G Cn. (e 4.118) 

n n 

Thus, we compute that 

lim {ti ® T){ipk,n{^)) = T{jk{a)) for all a G Cfe. (e4.119) 

n^oo 

Since B has a unique tracial state, we compute that 

Ti{ip{a)) = T{j{a)) for all c G C, (e 4.120) 

where ri is the unique tracial state of B. Since B G M, by the classification theorem of flO], there 
is a monomorphism from B to Bi which is a unital simple AH-algebra with a unique tracial 
state, with Ko{Bi) = pB,{Ko{Bi)) = pb{Kq{B)). Then (|e4.116D follows. 

□ 
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4.3. Let Cq be a unital amenable C*-algebra, let t^:l]^ —* AutiCo) (k > 1) be a homomorphism, 
and let C = Co xia Suppose that A = A^U is a unital simple AF-algebra with a unique 
tracial state r and Kq{A) = pa(K()(A)) which is a subring of M with [1^] = 1 and that j : C ^ A 
is a unital monomorphism. By 14.21 there exists a unital separable simple C*-algebra Bq ^ J\f 
with tracial rank zero, with a unique tracial state and with pb{Kq{Bq)) = pa{Kq{A)), and there 
exists a unital monomorphism j\ : C ^ Bq satisfying the following: 



(ji)*i=70'^ (e4.121) 

where k : Ki{C) Ki{C)/Tov{Ki{C)) is the quotient map and 7 : Ki{C)/Tot{Ki{C)) 
Ki{Bq) is injective. 

Note also in the proof of 14.11 Ki{Cn) = Ki{C) Kq(A) and the homomorphism (pn ■ 
Ki{Cn) Ki{Cn+i) is the identity map. So Ki{Bo) = Ki{C) ® Ka{A). 

Moreover, there is a unital monomorphism h : Bq ^ A with /i*o = PBq such that 

(/ioji)*o =j;o. (e 4.122) 

Note that Kq{A) is also divisible. It follows that 

[/loji] = [j] in KK{C,A) and t(/i o ji) = Toj. (e 4.123) 

There exists (see ESI and [30]) a homomorphism Rj^ho^ : Ki{C) Aff{T{A)) = M. Then 
Rj,hojiiKi{C)) is a countable subgroup of R. Fix a countable subring B C M which contains 
Pa{Ko{A)) and Rj^hoji{Ki{C)) which also has the property that BQ = B. Let B = B{j,A) be 
a unital simple AF-algebra with unique tracial state and Kq(B) = pb{Kq{B)) = B and with 
[1b] = 1- There is a unital embedding j2 : A ^ B such that (j2)*o = idp^(i^o(A))- We may 
assume that A C B. 

An important fact is that, if we regard j : C ^ B and h o ji : C ^ B , then 

Rj,hon{Ki{C)) C B = pBimB)). (e4.124) 

Theorem 4.4. Let Cq be a unital AH-algebra, C = Cq x^Z for some a G Ant(Co), let A = A<^U 
he a unital simple AF-algebra with a unique tracial state and with Kq{A) = pa{Kq{A)) which is 
a subring o/M and let j : C ^ A be a unital monomorphism. Let B = B{j, A) and B = Kq{B) 
be as m l4.3[ 

Let e > 0, let C C be a finite subset and let V C I{^i{C). There is 6 > and a finite subset 
{yi,y2, ■■■,ym} C Ki{C) satisfying the following: 
If P : Ki{C) — > Kq{A) is a homomorphism with 

PAmyjW) < j = l,2,...,m (e4.125) 

where r is the unique tracial state of A, then there exists a unitary u (z B such that 

\\[ip{a), u]\\ < e for all a ^ T and botti(V', n)|-p = /3'|-p (e4.126) 

where iIj : C B (^U ^ B is defined by ip^c) = j{c) ® lu for c E Cq and i^{ua) = 3{ua) ^ i^Ua) 
and P' = {j2)*o ° P (32 is as in \4.3\ ). 

Proof. Since Kq{A) is torsion free, P{Toic{Ki{C))) = {0}. Therefore, there exists 
Pi : Ki{C)/Tot{Ki{C)) Ko{A) such that 

p = PiOK, (e 4.127) 
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where k : Ki{C) ifi(C)/Tor(Ki(C)) is the quotient map. 

Let Bq be as in 14.31 By the classification of amenable simple C*-algebras of tracial rank 
zero ([lOj), is a unital simple AH-algebra of real rank zero. Write Bq = lim„_+oo (C'n , ^/^n), 
where each Cn has the form P„Mfc(„)(C(X„))P„ and where is a finite CW complex and 
Pn € Mfc(7v)(C(Xn)) is a projection. Moreover, let 7 and j be as in 14.31 

Identify Kq{A) with pa{Kq{A)) C M. We define 71 : Ki{Bo) = Ki{C)(^ pa{Ko{A)) Kq{A) 

by 

71(5 ®r)= r(3{g) for ah r G pa{Ko{A)) and 5 G i^i(C). (e 4.128) 

Then 

7107 = /?!. (e 4.129) 

Furthermore, for any x G Eri(i?o)) there are Qi, §2, 91 G ^i(C')/Tor(i^i(C)) and real 
numbers ri,r2, G pa{Ko{A)) such that 

7i(x) = ^r,/3i(5,). (e4.130) 

i=l 

Since Bq satisfies the Universal Coefficient Theorem, there is a homomorphism 
P G HomA{K{Bo),K{SB)) such that 

/3k(Bo)=7i- (e4.131) 

Without loss of generality, we may assume that ji (.F) C ipn,oo{Cn) and ji{V) C ['/3„,oo](^(C'ra))- 
Let (5o > (in place of 6) and k(n) > n and xi, X2, a;^ be a set of generators for i^i(Cfc(„)) 
required by Lemma 7.5 of [39] corresponding to e/2 and J^i = h[T). By (Ie4.130p . there are 

yi,y2,---,ym e -?^i(C) such that 

m 

lii^j) = Y.'^^,jPiy^), j = l,2,...,/c. (e4.132) 

i=l 

Therefore there exists 5 > such that 

PBiPiyMr) <6, j = l,2,...,m, (e 4.133) 

implies 

pB{ll{x^)){T) < 60, i = l,2,...,k. (e4.134) 

We now choose the above 5 and yi,y2, ■■■,ym, and assume (Ie4.125p holds. 
Thus, by 7.5 of [l9], there is a unitary uq G A such that 

II [/i, tio]|| < e/2 for all a G J^i and botti(/i, no)|-p = ,5|-p. (e 4.135) 

Viewing A as a unital C*-subalgebra of B, by 14.31 

[h o ji] = [j] in KK{C, B), Tohoji = Toj and (e 4.136) 

Rj^honiKiiC)) C Pij(i^o(5)). (e 4.137) 

Thus, bv l3.6^ there is a unitary w G U{B) such that 

adifo^]^ ~e/2 V' on (e4.138) 
where ^i(c) = ho ji{c) 1 and V'i(^o) = ho ji{ua) 0i{ua-)- Choose u = w*uqw. Then 

||[V'(a), m]|| < e for ah a G and botti(-0, ti)|-p = P\-p. (e4.139) 

□ 
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5 Homotopy lemmas 



The next follows immediately from Theorem 3.9 of |43j . Several versions of the following have 
been appeared. 

Theorem 5.1. Let C be a unital separable amenable C* -algebra. For any e > and any finite 
subset J- <Z C, there exists (5 > 0, a finite subset G C C, a finite subset Q C K_{C) and an integer 
n > 1 satisfying the following: 

For any unital simple C* -algebra A of tracial rank zero and any two unital 6 -G -multiplicative 
contractive completely positive linear maps Li,L2 : C A and any unital monomorphism 
h:C ^A, if 

[Li]\q = [L2]\q, (e5.140) 
then there exists a unitary U € Mn+i{A) such that 

adU o L2 on T, (e 5.141) 

where 

n 

, > 

Lj(a) = diag(Li(a), /i(a), /i(a), /i(a)) 

for all a and i = 1,2. 

Proof. We will apply Theorem 1.2 of [23]. By Theorem 3.9 of [43] and the assumption that 
there exists a unital embedding h : C ^ A, C satisfies property (P) of Remark 1.1 of ^24j. Thus 
Theorem 1.2 of [23] holds for C (in place A) and A (in place of B). Since in this case A has 
tracial rank zero, weakly unperforated Kq{A), stable rank one and real rank zero, the theorem 
follows ( see also the proof of Theorem 3.1 of [24]). 

□ 

Lemma 5.2. Let Cq be a unital AH-algebra, C = Co Xq. Z for some a € Aut{Co) and let A = 
A^IA be a unital simple AF-algebra with a unique tracial state r and with Kq{A) = pa{Kq{A)). 
Let j : C ^ A be a unital monomorphism, e > 0, c Cq be a finite subset and V C Ki{Cq) 
be a finite subset. There is 6 > 0, a finite subset Q C Co, and integer K and a finite subset 
Q C K_{C) satisfying the following: 

Suppose that v E U{A) is a unitary such that 

\\[jia), v]\\<6 for all a e Q and (e 5.142) 

[L]\Q = [j]\Q, (e5.143) 
where L : C ^ A is a contractive completely positive linear map such that 

K K 

\\L{ Yl fkui) - jUkmua)vf\\ < 5 (e5.144) 

k=-K k=-K 
for all fk G G. Then there exists a unitary w G U{A) such that 

\\[j{a), w]\\ < e for all a & and hotti{j\c(,, JiuaTw* j{ua)vw)\'p = 0. (e5.145) 
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Proof. Let e > eo > and ^ C C Co be a finite subset. We assume tliat 

hottiih, v')\-p (e 5.146) 

is well defined for any unital homomorpliism h from Cq and any unitary v' provided tliat 
\\[h{a), v']\\ < eo for all a G J='i. 
Let V = {xi,X2, ■.■,Xk}. 

We write Cq = limn^oo{Cn,^n), where each Cn has the form P„Mr(„)(C(X„))P„, where 
Xn is a finite CW complex and Pn G Mj.(^n)iC{Xn)) is a projection. We may assume that 
V C [^Pn,oo]{Ki{Cn))- Let r/ > (in place of S), k{n) > n and yi,y2, ■■■jUm G Ki{C^n)) be 
a set of generators as required by Lemma 7.3 of [49j for {xi, X2, x^}, eo/2 and J^i. Denote 
= {^k{n),^)*i{yj), j = l,2,...,m. We may assume that V C {zi, Z2, Zm}- 

Let V[ C K_{Co) be a finite subset containing zi, Z2, Zm and Vi = V[U [a]{V[). 

Let ei > and J^2 C Co be a finite subset such that 

botti(/i', (e 5.147) 

is well defined for any unital homomorphism h' from Cq and any unitary v' provided that 
II [/i' (a), v']\\ < ei for all a ^ T2- We may also 

botti(/i",v')bi = botti(/i',t;')bi = Bott(/i',?;")bi, (e 5.148) 

provided that h!' k.^^ h! on T2 and ||t;' — ?;"|| < ei. We may further assume that e\ < eo/2 and 

^1 C J^2. 

To simplify notation, we may also assume that 

PD{hotti{h',v')){zj){t) <7], j = l,2,...,m (e5.149) 

for any unital homomorphism h' : C D, any unitary v' £ D and unital C*-algebra D and 
tracial state t £ T{D), provided that 

\\[h'{a), v']\\ < ei for ah a € J^2- (e 5.150) 

Put gi=T2U {Ua}. 

Let (5i > ( in place of 5) a finite subset t/2 C C (in place of Q) be a finite subset, Q C K(C) 
be a finite subset and > 1 be an integer required bv 15.11 for ei/2 and Qi. 

There is 6, a finite subset Q C C and an integer K > 1 such that L is (5i-^i-multiplicative if 
(le 5.1421) and (Ie5.144|) hold. 

Suppose (je 5.14211 . (Ie5.143p and (|e5.144p hold. 

It follows from 1 5.1 1 that there exists a unitary U G Mn^i(A) such that 



ad {/ o L ?a^^/2 J oil ^1) (e 5.151) 



where 



N 



L{a) = diag{L{a),j{a),j{a),...,j{a)) and (e5.152) 

Af+l 



j(a) = diag(j(a), j(a), j(a)) (e 5.153) 

for all a G C. It follows that 

||[J(o), U]\\ < ei/2 for ah a G ^2- (e 5.154) 
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N+1 



Put V = diag(zJ~i7,rr;v). By (Ie5.151|) . 

\\l-j{uarU*j{ua)VU\\ < ei/2. (e5.155) 

It follows that 

bott(j|co, jM*U*j{ua)VU)\r, = 0. (e 5.156) 

Thus (by (Ie5.148|) ). 

= botti(j|c;o, V)\v, + botti(j|co, V*jiu^rU*j{ua)VU) (e5.157) 

= hoUi{j\c,,V)\r,+hottiCj\co,j{uaTU*j{ua)VUV*)\v, (e5.158) 
= hottiCj\co,V)\v, +hothCj\co, 3{ua)*U*j{ua))\v^+hottiCj\co,yUV*)\v^ (e5.159) 

= hottiCj\co,V)\p, +hotti{j o a-^\co, U*)\v, +hotti{j \c„U)\v, (e5.160) 

Let Gi be a subgroup of Ki{C) generated by Vi. Since Kq{A) is divisible, there are homomor- 
phisms Ai,7 : Ki{Co) — > Ko{A) which extend botti(j|co, V) and hotti{j\co, U), respectively. 
It follows from ()e 5.160p that 

AiIgi = -7|gi +7°a^/|Gi- (e 5.161) 

It should be note that 

(Ai)|gi = (iV + l)botti(j|co,^')lGi. (e5.162) 

DefineTi: i^i(Co) ^ Ko{A) by 71(2;) = -j^lix) for all x £ Ki(Co). 

By (|e5.149p and applying Lemma 7.3 of [59], there is a unitary w A such that 

\\[j{a), w]\\ < eo/2 and botti(j, u;)(xj) = 7i(xj), j = 1, 2, /c. (e5.163) 

We then compute (using (je 5.16ip among other things) that 

botti(j, j{u*^)w*j{ua)vw){xj) (e5.164) 

= hotti{j, v){xj) +hotti{j, v*j{ua)*w*j{ua)vw){xj) (e5.165) 

= hotti{j, v){xj) + hotti{j, j{ua)*w*j{ua)vwv*){xj) (e5.166) 

= botti(j»(xj) +botti(j, j{uayw*j{ua)){xj) + hotti{j , wvw*){xj) (e5.167) 

= botti(j, f )(xj) + botti(j o q"-"^, w*){xj) +hotti{j,w){xj) (e5.168) 

= ]v^(^i)(^i) + (-7i°(«;/(2;i) + 7i(a;i)) (e5.169) 



- 7 + 7 ° «;/)(^,) = 0, (e 5.170) 



j = 1,2,..., k. 

It follows that 



botti(jco, j{K)'w*jiua)^w)\v = 0. (e 5.171) 

□ 
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Theorem 5.3. Let C be a unital AH-algebra and let a S Aut{C) be an automorphism and let 
A = A®hl be a unital simple AF-algebra with a unique tracial state r and pAiKo(A)) = Ko(A). 
Let h : (C xIq Z) (^i C(T) A be a unital monomorphism. 

For any e > and a finite subset !F C C there exists 5 > 0, rj > 0, a finite subset 

^ C C xIq, Z, a finite subset Q <Z C ® C(T) and a finite subset V C Ki{C xIq Z) satisfying the 
following: 

Suppose that there is a unitary v £ U{A) and contractive completely positive linear map 
L:C® CiT) A such that 

\\[h{a), v]\\<5 for all a G a, botti(/i, i;)|-p = and (e 5.172) 

° ^lc«)C(T) T o L on ^, (e 5.173) 

and 

L h on Q and L(l <S z) u (e 5.174) 

and where z G C(T) is the identity function on the unit circle. Then there exists a unitary 
W £ A®U such that 

\\[h^^\c), W]\\ <e for all ceT and W*{v (g) lu)W h{l ® z) ® lu, (e5.175) 

where h^^\c) = h{c) (8) lu for all c (z C and h^^\ua) = h{ua) ® i{ua)- 

Proof. Let e > and C C xi„Z. Without loss of generality, we may assume that = J^oU{ua} 
for some finite subset J^q C C. Define Ci = C iX) C(T). Define a' £ Aut{Ci) by a'{c (g lc(T)) = 
a(c)8)lc(T) and a'{lc(E)f) = lc®/for all / G C(T). In other words, CiX^'Z ^ (CxaZ)«)C(T). 
Define J^' = U {1 (g) z}. 

To apply [321 let 6i > (in place of 6), Qi C Ci (in place of Q) be a finite subset and 
V'l C K_{Ci) (in place of V) be a finite subset required by 13.21 for e/2 and J^' . We may assume 
that 5i < e/2 and Qi D J^' . Since Ki(A) = {0} and Kq(A) is torsion free and divisible, we may 
assume that V'l = PiVi) for some finite subset Vi C Ki(Ci). 

Let ^2 > (in place of 5), Q2 C Ci be a finite subset, K > 1 be an integer and Q C 
K_{Ci Xq,/ Z) be a finite subset required by 15.21 for 5i/2, Vi and Qi. Since Kq{A) is torsion free 
and divisible and Ki{A) = {0}, we may assume that Q C Kq{Ci x^,' Z) = Kq{{C Xq Z) (g) C(T)). 
We may assume that Q = 7^2 U/3(P3), where V2 C /Co(C x^ Z) and C Ki(C x„ Z) are finite 
subsets. We may assume that ^2 ^ ^i- 

By 12.141 choosing ^ < 82 < ^'2 a^id a finite subset Q2 D Q2 so that there exits a unital 
contractive completely positive linear map Li : Ci Xq.^ Z — s- ^ Z// such that 

K K 

9kO- Yl H9k){hMvT\\ < (e5.176) 

k=-K k=-K 

for all gk G G2 and for any v' such that |[[/i(a), v']\\ < S2 for all a G ^2- may assume that 
Q2 = O2 ^ {lc(T);-2} foi' some finite subset Q2 C C Without loss of generality, we may also 
assume that 

[Li]\q = [L[]\q (e5.177) 

provided that Li, L[ both satisfy (je 5.176P Li Ri^^ L[ on ^2 U {u^}. 
Define tq = t o k on Ci. 

Let < (^3 < ^2) ?? > (in place of cr), C Ci (in place of Q) be a finite subset and 
V4 C K_{Ci) be a finite subset required bv l2.13l for min{52/4, e/4)} and Q2 (with tq above). Since 
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Kq{A) is torsion free and divisible and Ki{A) = 0, we may assume that C Kq{Ci). Without 
loss of generality, (by choosing smaller S3, for example), we may assume that G = G'^ ^ G'^, 
where {Ic} C G3 C C and {lc{'f)^ ^} C G3 C C(T) are finite subsets, and we may assume that 
7^4 = V5U (BiVe), where V5 C Ko{C) and Vq C i^i(C) are finite subsets. 
Without loss of generality, we may assume that 

[L]\v, = [L']\p^ (e 5.178) 

provided that L, L' are (53-^3-multiplicative contractive completely positive linear maps from Ci 
and L ~5g L' on G'^- 

Denote by jo : C — > C Xq Z the natural embedding. Put V = (io)*i(^6) U V3. Let r/i > 
such that r/i < min{(53/4, (52/4, e/2, (5i/4, ry}. 

It follows from 12.141 that there is J4 > 0, a finite subset G4 C C and a unital "qi-Q- 
multiplicative contractive completely positive linear map L' : Ci — > A such that 

L'{c®f) h{c)f{v) for ah c E ^2 and / G G'-i, (e5.179) 

provided that ||[/i(a), v\\\ < 84, for all a E ^4. We may assume that Ga D G'-i U ^2'- 
Put G = ^4U{n„}. 

Put (5 = min{(54/2,?7i/2}. Suppose that (je5.172|] . (je5.173|] and (je 5.1741) hold for the above 
<5, r/, ^, G and 7-" (and for some v and L). Therefore, we may assume that L is an r]i-G2- 
multiplicative contractive completely positive linear map satisfying (|e 5.179P (replacing L' by 
L). We still have that 



Note that 



We have (by (je 5.1781) ^ 



toLk.^tq on ^. (e5.180) 



Ko{Ci) = K^{C)®Ki{C). (e 5.181) 



Wb5=^*ob5- (e 5.182) 

By (le 5.178P and (le 5.172P (and the choice of V), we may also assume that 

[L]|^(P^)=0. (e5.183) 



Since kerp^ = {0}, 



Therefore 



Moreover, by (|e5.180p . 



/i*o|/3{ifi(c)) = 0. (e 5.184) 



[h]\T,, = [L]\v,. (e 5.185) 



T o h = tq T o L on G ■ (e 5.186) 

By applying 12.131 there exists a unitary wq G U {A) such that 

adwQO L ~min{<52/4,e/2)} h on ^2- (e 5.187) 
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In particular, 

WqWWo ~min{<52/4,£/2} ^(1 2;) and || [/i(c) , ti^o] || < min{52/4, e/2} for all c G ^2 • (e5.188) 

Define V = h{ua)*WQh{ua)wo. Then 

\\[h{a), V]\\ < min{e/2,(^2/4} for all a G ^2- (e 5.189) 

By (le 5.189p . there exists a unital contractive completely positive linear map Li : Ci xi^/ Z — > 
A®IA which satisfies (|e 5.176P with v' = V. Therefore 

Li i^s2 ^ on Q2 and Li{ua) ^(^o)^ = WQh{ua)wo. (e 5.190) 

Note that 

\Li]\v, = [h]\v,. (e 5.191) 

By the assumption (je 5.172p and by (|e 5.188p . we have 

botti(adtt;o o /i, /i(l (8 z))|-p3 = hotii{&A wq o h, WqVWq)\'p^ (e5.192) 

= botti(/i, i;)|p3 = 0. (e5.193) 

It follows from (Ie5.188p . (le5.19UI) . (|e5.177p and (|e5.193p that 

[Li]|^(P3) = 0. (e5.194) 

Since ker/9^(yl) = {0}, we have 

[Li]W,) = ^=[h\\(3{v,y (e5.195) 

Thus 

[Li]\Q = [h]\Q. (e 5.196) 

Therefore, by 15.21 there is a unitary wi G U{A®U) such that 

II [/i(a), wi]||| < 5i/2 for ah a G ^1 and Bott(/i, /i(nQ)*^/i('Ua)ywi)|p, = 0. (e 5.197) 

Note that h{ua)V = WQh{ua)wo. It follows from 13.21 that there exists W2 G [/(A (81 ^/) such that 

'W2{h{a) ll()'W2 ~e/2 h{a) ^ lu for all a G T' and (e 5.198) 
^('"^l('"^0^('"a)'"^o)'W^l) ® «(^^cr))lf2 ~£/2 h{Ua) l{Ufj) . (e5.199) 

Define = {wqWi ® lu)w2. Then, by (le 5.1881) . (|e5.198p and (|e5.199p . 

||[/i(^)(c), I^]|| < e for ah c G and lu)W /i(l O z) O l^y. (e5.200) 

□ 

The following holds in great generality and well-known. We only use the special case below. 
The proof in this case is easier than the general case. 

Lemma 5.4. Let A he a unital simple AF-algebra with a unique tracial state r and pa{Kq(A)) 
is a countable dense divisible subgroup of M. There is a unitary u & A such that 

Tof{u) = [ f{t)dt for all / G C7(T), (e5.201) 
JT 

where the integral is on the standard Lesbegue measure. 
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Lemma 5.5. Let A he a unital simple AF-algehra with a tracial state t and let v € U{A). 
Suppose that u €U is a unitary such that 



T o f{u) = [ f{t)dt for all / € C(T). 



(e 5.202) 



Suppose C is a unital separable C* -algebra and h : C ^ A is a unital monomorphism. Define 
a linear map if : C C(T) ^ A0U by ip{c f) = h{c)f{v (g) u) for all c ^ C and f € C(T). 
Then 

{t^T){^{c0 f)) =t{h{c)) ■ I f{t)dt for all ceC and / G C(T), (e 5.203) 

Jt 

where r is the unique tracial state on U. 

Proof. Let e > and T C C(T) be a finite subset. We assume that z ^ J^, where z denotes the 
identity function on the unit circle. 

By [31], for any 5 > 0, there are (for some large n), mutually orthogonal projections 
Pi,P2, ■.■,Pn in ^ and mutually orthogonal projections ei,e2,...,e„ in U with "^^^iPi = 1a 
and Y17=i ~ such that 



f{v) «5/4 ^f{uJk)pk and 



k=l 

n 



f{u) ^s/i ^f{^k)ek 

k=l 

for all / € .F, where = and T(efc) = 1/n, k = 1,2, n. We have that 

n n n 

c^Zu^kPk) ® (y^^fcCfc) = y^_^ujk{ Pj^e-i). 

k=l k=l k=l j+i=fc(modn) 

Put qk = Ej+i=k{modn)Pj ® Then 

j+j=fc(mod n) 

i(Pi)(l/n) = 1/n. 

j+i=fc(mod n) 

It follows immediately that, with sufficiently small 5 (or sufficiently large n), 

T{if{l®f))^,T{f{u)) for ah /G^. 
Furthermore, assuming ||c|| < 1, 



{t®T){^{c® f)) (t®T)(^/(a;fc)(/l(c)gfc) 

fc=i 

n 

= J];/(wfc)(t®T)((/i(c)gfc) 



fc=i 

n n 

Yfi^k){l/n)t{h{c)YPj: 

k=l j=l 

n 

Y,f{^k){l/n)t{h{c)) 
k=l 

t{h{c))T{f{u)). 
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for all f ^ T . Let e ^ 0, we conclude that 

[t ® T){ip{c 8) /)) = t{c)T{f{u)) for all c G C and / G C{T). (e 5.215) 

□ 

Lemma 5.6. Let C he a unital AH-algebra and let a G Aut{A) be an automorphism and let 
A = A^U he a unital simple AF-algehra with a unique tracial state r and pa{Ko{A)) = Kq(A). 
Let ip: Cyia'^^Ahea unital monomorphism. 

For any e > and a finite subset C C Z, there exists 5 > 0, a finite subset C C Z 
and a finite subset V C Ki{C Z) satisfying the following: 

Suppose that there is a unitary v G U{A) such that 

\\[ip{a), v]\\<5 for all a e G and botti((/9, w)|p = 0. (e 5.216) 

Then there exists a continuous path of unitaries {vt : t G [0, 1]} C U{AiS>l^) such that 

vo = v^lu, vi = Ia(^u, \\bPia),vt]\\ < e (e5.217) 
for all a ^ T and t G [0, 1], and 

Length({?7t}) < 27r + min{e, 1}, (e 5.218) 

where ijj : C y^a'^ ^ A^U defined by i){a) = a®l for a £ C and '4){ua) = ^(ua) (8) ^(uo-)- 

Proof. To simplify notation, without loss of generality, it suffices to prove the theorem with 
Vt € A^U and ipiua) = fiua) ^ lu ^ i{Ua)- 
Let uq € U he a unitary with 

riifiuo)) = [ f{t)dt for all / G C(T), (e 5.219) 

Jt 

where ri is the unique tracial state on U (by 15.41) . 

It follows from [31] (see 4.4.1 of [35]) that there is a continuous path of unitaries {V{t) : t G 
[0, 1]} in 1(^U such that 

y(0) = 1, y(l) = 1 (g) uo and Length({F(t)}) < vr + e/4. (e 5.220) 

Let e > and JFcCx^Zbea finite subset. Without loss of generality, we may assume 
that T = TqU {ua} for some finite subset J^q C C. Define Ci = C ® C(T). Define a' G Aut{Ci) 
by a'{c 1)= a(c) (g) 1 and a'(l ® /) = 1 O / for all / G C(T). In other words, Ci x^, Z ^ 
(C7 x^ Z) ® C7(T). Define T' = J^o^ {z}- 

Define /i : (CxQ,Z)(g)C(T) A0Uhjh{a) = ip{a)(g)lu for all a G CXq,Z and /i(l(g)2;) = l(8)no. 
Put V = V ® Uq. 

Let 6i > (in place oi 6), rji > (in place of ry), C C Xq, Z (in place of ^) be a finite 
subset, ^ C C C(T) be a finite subset and C Ki(C Xq Z) be a finite subset required by 15.31 
for sin(e/4) and J-" above. Without loss of generality, we may assume that Gi = G[L) {ua} for 
some finite subset G'l C C, and we may assume that G = G2 ^ G'-i , where Ic & G2 ^ C is a finite 
subset and {1c(t)i z} C G2 C C(T) is a finite subset. 

By l2.14l there is < 5 < (5i and a finite subset G3 D G'l so that there exits a unital contractive 
completely positive linear map L : (C Xq Z) C{T) ^ A®U such that 

L(c /) V(.c)f{v') for ah c G C?! U and / G G2- (e 5.221) 
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for any unitary v' so that ||[(/9(a), < 6 for all a € Q3. Without loss of generality, we may also 
assume that 



[L]\q = [L']\q 

provided that L,L' are both (5i-t/i-multiplicative and L L' on Qi. 
Let To be the tracial state on Ci defined by 

ro(c /) = r((/?(c))ri(/(uo)) for all c e C and / G C{T). 

Let Q = Qi^ G'2- Suppose that (je 5.216P holds for the above 5, Q and "P. 
Then, we have that 

\\[h{a), v]\\ < 5i for all a £ Qi, botti(/i|c>^„z, v)\v = 0. 



(e 5.222) 



(e 5.223) 



(e 5.224) 



Define Lq : C C{T) A^Uhj Lq{c /) = h{c)f{v) for all c e C and / G C(T). It follows 
from 15.51 that 



ToLo= To, 



(e 5.225) 



where r is regarded as the tracial state on A = A ®U. There exists a contractive completely 
positive linear map L : C ® C(T) A(^hl such that (je 5.22ip holds In particular, 

T o L K.ri T o h\c-^ on Q. (e 5.226) 

It follows from 15.31 that there exists a unitary W G U{A ®hl ®IA) such that 

II [V'(a), H^] II < sin(e/4) for ah a G and W*{v ® lu)W ^sm{./4) H"^ (^z)®luA^ 5.227) 

where ■(/' : CxIqZ ^ A defined by ^(c) = h{c)(^lu for all c G C and^(iiQ) = h{ua)^i{ua)- 
In particular, 

tio lw)VF* Rism(e/4) v(S>uo(g> lu- (e 5.228) 

By (|e5.228p . there exists a continuous path A : [1/4, 1/2] U{A®U ®U) such that 



A(l/4) = v(^uo®lu, 
A(l/2) = VF(1 t/o ® liY)VF* 
and Length({A(t)}) < e/4 



(e 5.229) 
(e 5.230) 
(e 5.231) 



Moreover, 



Now define 



Then 



a), A(t)]|| < 5 + - < e for all a G and for all t G [1/4, 1/2]. (e 5.232) 



'{v®lu)V{At)®lu, if tG [0,1/4); 

vt = I \{t), if t G [1/4,1/2) and 

W{{V{2-2t))®lu)W\ if tG [1/2,1]. 



VQ = v®lu®lu, vi = l and Length({ut}) <7r + | + | + 7r + |<27r + e. (e 5.233) 
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For t € [0, 1/4), we estimate that 

\\[ipia), vt]\\<S <e for all a e (e 5.234) 

By (le 5.2271) . for all c G J^o and t e [1/2, 1], 

\Mc),vt]\\ = \\[W*{ip{c)(^lu(^lu)W,V{2-2t)(^lu]\\ 

s^,/4 II [ific) ®lu^lu, V{2 - 2t) ^ la] II = 0. (e 5.235) 

Note again 

IMuc,), F(2(t - 1/2) li^]|| = 0. (e 5.236) 

Combining (|e5.227p and (je 5.2361) . for t G [1/2, 1], 

IIIV-K), ^'tlll = \\[W*iipiu^)®lu®iM)W,Vi2-2t)(^lu]\\ (e 5.237) 

~./4 ||[v?K)«)l^/®^K), F(2-2t)(g)l^/]|| = 0. (e 5.238) 

It follows that 

||[^(c), vt]\\ < e for all c e T and for all t G [0, 1]. (e5.239) 

□ 

6 Asymptotic unitary equivalence 

Theorem 6.1. Let C be a unital AH-algehra and let a G Aut{C) he an automorphism. Let A = 
A0U be a unital simple AF-algebra with a unique tracial state r and with Kq(A) = Pj^^^Kq^A)). 
Suppose that ipi,^2 ■ C v^^TL ^ A are two unital monomorphisms such that 

T o ipi = T o ip2 and (/?2) = 0. (e 6.240) 

Then, there exists a continuous path of unitaries {wt : t G [0, oo)} C U{B®IA®'U) such that 

lim &dwt o il^iia) = V'2(") f""^ all a £ C Xq, Z, (e 6.241) 

where B = B{ij)2^A ® lA) and where -i/^i : C Z ^ A W «s defined by ipi{c) = '^i{c) ® lu 
for all a £ C and ipi{ua) = ^i{ua) i{u^), and -0" : C yia'^ ^ B ®hl ®U is defined by 
ip'l{c) = ip{c) ®\u<iS>lu for c e C and i^'/{ua) = tp{ua) ® i{ua), i = 1,2. 

Proof. Since ker/?^ = {0}, ()e 6.240p implies that 

{fiU = {V2U. (e 6.242) 

Since Ki{A) = {0} and Kq{A) is torsion free and divisible, (|e 6.2421) implies that 

[^i] = [ip2] in KK{C XaZ,A). (e 6.243) 

Therefore, since fjipj^,!p2 = 0, there exists 6* : Ki(C Xq Z) ^ ii'i (M(p^ ) such that 

(^o)*i = (ido^cz)*!- (e 6.244) 

Moreover, 

R^uV2{&{Ki{C x^ Z))) = 0. (e6.245) 
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Denote by jo : C — > C Z the natural embedding. Then one has 

R^u^2{G ° {joU{Ki{C))) = 0. (e6.246) 

Therefore 

V'Piojo,<P2°jo ~ 0- (e 6.247) 
It follows from 13.61 that there exists a sequence of unitaries {vn} C A^U such that 

lim advn o ^i(a) = V'2(a) for all a G C (e 6.248) 

n— *oo 

where V'i : Cxa"^ — > AiS)l{ defined by V'j (c) = (pi{c)®lu for all c G C andipi{ua) = ipi{ua)'Sii{ua)- 
Let B = B{Tp2,A(S)U) be as inOl 

To simplify notation, without loss of generality, in what follows we will use r for the unique 
tracial state on A, A^U {= A), B 0U and B ®U = B ®U. 

Let {J-n} C CxqZ be an increasing sequence of finite subsets of the unit ball of CxqZ whose 
union is dense in the unit ball. Let (5„ > 0, ^„ C C Z be a finite subset and Vn C -fCi(C Xq Z) 
be a finite subset required by 15.61 for e„ = 1/2"+^ and J^n- We may assume that botti(/i', ?;')|-p„ 
is well defined for any unital homomorphism h' and any unitary v' , whenever 

||[/i'(c), v']\\ < 6n for ah c e Gn (e 6.249) 

for n = 1, 2, .... We also assume that 

botti(/i',i;')b„ =botti(/i',t;")b„ (e6.250) 

provided that \\v' — v"\\ < 6n- 

We may assume that 5n < 1/2"^^^^ and J^n C Gn, n = 1,2,.... We may write Vn = 

{xi,X2, ...,Xr(n)}, n = 1,2, .... 

Let > and {yi,y2, ■■■,ym{n)} C Ki{C x^ Z) be a finite subset required by 14.41 for 5n/2, 
Qn and Vn- Put Qn = {yi,y2, ■■■,ym{n)}- We may assume that m{n + 1) > m{n). To simplify 
notation, we may assume that xj = yj, j = l,2,...,r(n) and r(n) < m{n), n = 1,2,.... 

There is an integer l{n) > 1 and unitaries zi,Z2, ^;m(n) ^ ^i{n){C x^Z) such that [zj] = yj, 
j = 1,2, ...,m(n). 

Let r/„ > be such that < min{(5n/2/(n)^, (1/4) sin(5^/2/(n)^)} and rjn+i < ??ra/2, n = 
1,2, .... We may also assume that, by passing to a subsequence, if necessary 

a.dvnOipi ^n„/2 '02 on Gn (e 6.251) 

Note that 



[V'i(a), t^n<+i]|| < Vn for all a & Gn (e 6.252) 



So botti(</?i, f„f*^;^)|Q„ is well-defined. 
Put 

l{n) 



Vn = diag(i;„,f„, ...,u„). 

We will continue to use ipi for v^i^id,, and use ■0i for V'j'^idM > ^ = 1^2, respectively. Thus, 

l{n) l{n) 

we may assume that, for j < m{n), 

\\il^2{zj)s.dvn o - 111 < (1/4) sin(5;/2) (e 6.253) 
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Put 



'T'j,n = log(— V'2(^j)adw„ o ipliz*)), j = 1,2, ...,m(n), n = 1,2, , 



(e 6.254) 



Then 



T{hj,n) < Sn/2, (e 6.255) 

By (|e6.246p . R^^^^^{Ki{M^^^^^)) C (i^o ® ^) ) • It follows from 3.5 of [l9] that 

hj,niT) = T{hj.n) G pA(x,uiKoiA (g) U)) , j = 1, 2, m(n), n = 1,2,.... (e 6.256) 

Since Kq{A ®U) is divisible, there exists a homomorphism /?„ : Ki{C xio Z) ^ -f^o(^ (8>Z//) (see 
also 6.1, 6.2 and 6.3 of [l8]) such that 

TiPniVj)) = hj^n{r) = T{hj^n),j = 1,2, ...,m{n),n = 1,2, .... (e6.257) 

It follows from 14.41 that there exists a unitary Un ^ B = B{%1)2, A0U) such that 

iMia), Un]\\ < S'^ for all a G G,, and botti(^^, Un)\v„ = -Pn\v„, (e6.258) 

where P'^ = (j2)*o ° Pn, n = 1,2,..., and j2 ■ A iS U ^ B is the embedding and where : 
C Xa'^ ^ B iSiU is defined by V'i(c) = ^(c) 1^ for all c G C xIq Z and V'('Wa) ® '^(■f^a)- Note 
that (see l4.3p that r o ^2(0) = T(a) for a G ^ (8) Z^. 

By Exel's trace formula (see Theorem 3.6 of [39]) for j = 1,2, ...,r(n). 



-botti(V'2, Un){Xj){T) 



(e 6.259) 
(e 6.260) 



where 



l(n) 



Un = diag(C/„, Un, Un). 



Define Un = VnUn, n = 1,2, .... Put 

lin) 



l{n) 



n= 1,2, 



■u„ = diag(un,Un, ...,n„) and u^+i = diag(nn+i, Un+i, iin+i), 
By 6.1 of [48] and (je 6.259p . we compute that 

r(log(^(^^(z,)adn„(^U4))))) 



1 



r(log(— (C7„V^(4)i7:<(V''i(^,))^^n))) 



1 



r(log(— (C7„V^(z,)f/>^(4)V'2(^.)<(V''i(4)K))) 



~27ri 
1 



r(fog(^(f/nV'2(^,)f^>2(w^;)))) 



+r(— log(V^(z,)<(V''i(4))^n))) 

botti(V2, Un)){z^){T) + t(/Ij- „) = 0. 



(e 6.261) 

(e 6.262) 

(e 6.263) 

(e 6.264) 

(e 6.265) 

(e 6.266) 
(e 6.267) 
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Let 



bj^n = log{-^Untp2{zj)untp'i{z*)) and (e 6.268) 

b'j,n = log(^V'2(^i)«+iV'2(4)K+i)*^"))' (e 6.269) 



j = 1,2, ...,n and n = 1,2, .... We have, by (|e6.267p . 

r(6,-„) = raogC^n^Vsl^jXV'U^;))) (e 6.270) 

= r{log ^UnUni^2{zj)ul^lJ[{z*)un) (e6.271) 

= r(log^V'2(^i)<^i(4)^«) = 0- (e6-272) 

j = 1, 2, r(n) and n = 1, 2, .... Note also T{bj^n+i) = for j = 1, 2, r(n). In M;(„_|_i)(C xIqZ), 
Xj represented by 

diag(zj,lM,(„+i)_,(„)) (e 6.273) 

for j = 1, 2, r(n). Put 

bj,n+i = log(^V2(^i)(^^n+i)*V'i(4)^n+i) (e6.274) 



Therefore 



We have that 



t(& •,„+!) = t(6„„+i) = 0. (e 6.275) 



u^e 3'"Un = e ^'"e (e 6.276) 
Thus, by 6.1 of ^48j, we compute that 

t(&;-,„) = t(6,, „) - t(6,- „+i) = 0. (e 6.277) 

It follows the Exel trace formula (Theorem 3.6 of [49j) and (|e 6.277|) that 

botti , ) ) {xj ) (r) (e 6. 278) 

= -'^(log(«+iV'2(4)(^n+i)*^nV'2(^;j)) (e 6.279) 

= -r(log(V^(z,)«+iV2(4)K+i)*^n)) = 0. (e6.280) 

By applying 15. 6t we obtain a continuous path of unitaries {vn{t) : t € [0, 1]} <Z B (^U ®hl 
such that 

Vn{()) = UnK^^, Vnil) = 1 and M^ia), VnitM < 1/2"+' for ah a G .F„, (e 6.281) 

where V'f : CXqZ ^ B ®U ®U is defined by (c) = V'i(c) for ah c G C and ip'-iua) = 
^iiua) (8) iiua), i = 1,2 and n = 1,2, .... Define u{t) = Vn{t — n + l)un+i for t G [n — 1, n), 
n = 1,2, .... We check that 

lim adn(t) o ^'{{a) = ^'2(0) for all a G C ><„ Z. (e 6.282) 

t— >oo 

□ 
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7 AF-embedding of C xia 



Theorem 7.1. Let C be a unital AH-algebra and let A : — > Aut{C) be a homomorphism. 
Then C x^Z^ can be embedded into a unital simple AF-algebra if and only if C admits a faithful 
A-invariant tracial state. 

Proof. We only need to show the "if " part of the theorem. Let ai and 02 be two generators of 
A(Z2). Thus ai,a2 G Aut{A), and C xa ^2 ^ (C Z) x^^a Z. 

Put Ci = C Xq,^ Z. We view 02 as an automorphism on Ci by a2{uai) = Ua^. 

Let t be a faithful A-invariant tracial state on C. We may also view t as a faithful tracial 
state on Ci as well as on C xa Z^. 

It follows from (the proof) of 10.5 of [49j that there exists a unital simple AF-algebra A = 
A^U with unique tracial state r and with Kq[A) = pa[Kq{A)) and a unital monomorphism 
h : C\ ^ A such that 

Toh = t. (e 7.283) 

Put (fi = h and (p2 = h o a2. Then 

T o ipi = T o (p2. (e 7.284) 

In particular, since kerp^^ = {0}, Ki{A) = {0} and Kq{A) is torsion free and divisible, 

= [ip2] in KK{Ci,A). (e 7.285) 

There exists 9 : Ki(Ci) Ki{M^^^^^). Let Bq = i?<^i,<^2((9(i^i(Ci))). Let Di be a countable 
subring of M containing pyi(i^o(^)) U Bq which is also a divisible subgroup of M. Let Ai be a 
unital simple AF-algebra with a unique tracial state such that Ko{Ai) = Di. Moreover, there is 
a unital embedding j : A ^ Ai such that 

r o j = r, (e 7.286) 

where we also use r for the unique tracial state on Ai. To simplify notation, without loss of 
generality, we may assume that A = Ai. Therefore, with this assumption, we have 

R^u^,{M^u^,) C PAiKoiA)) = Bi. (e 7.287) 

By 10.3 of 09], this implies that 

V^,,^2=0- (e 7.288) 

It follows that 16.11 that there exists a continuous path of unitaries {wt : i € [0, 00)} of 
B®U®U) such that 

lim adwt o Vi(a) = ^2(«) for all a G Ci, (e 7.289) 

i— >oo 

where tp'l : Ci —> B ®U ®U \s defined by ip'l{c) = (p{c) ®lu®lu for all c G C and ip'l{ua^) = 
(pi{uax)®i{ua)®i{ua)., and B = B{ip2, A^U) and V'2 : Ci ^ yl®^ is defined by V'2(c) = y'2(c)(X'lw 
for all c G C and tp2{uai) = '/'2(^iai) "X) i(^to-) "X" «(uo-). It follows from 5.5 of [48j that there exists 
a unital monomorphism /ii : Ci Xq,2 Z ^ where i?i is a unital simple AF-algebra with a 
unique tracial state. 

□ 
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Corollary 7.2. Let C be a unital AH-algebra and let K : 1? ^ Aut{C) be a homomorphism. 
Suppose that t is a faithful A-invariant tracial state on C. 

Then there exists a unital simple AF-algebra Bi with a unique tracial state t and with 
Kq(Bi) = pbi{Kq(Bi)) which is also a subring o/R, and there exists a unital monomorphism 
hi : C ^ Bi such that 

Tohi = t. (e 7.290) 

Proof. At the end of the proof of IT-H we apply 5.5 of [H]. The proof of 5.5 of [H] actually 
shows that one can have the further requirements for Bi, hi and r. 

□ 

Corollary 7.3. Let X be a compact metric space and A : 7? ^ Homeo{X) be a homomorphism. 
Then C{X) xa can be embedded into a unital .simple AF-algebra if and only if X admits a 
strictly positive A-invariant probability Borel measure. 



8 The absorption lemma 

Definition 8.1. Let C be a unital separable amenable C*-algebra and let A^ : iJ' ^ Aut{C) 
be a homomorphism. Suppose that {ai,a2, ...,afc} is the set of generators of A{'L^). 

Suppose that (/jiCxaZ'^— >>lisa unital monomorphism. Denote by ip^^^ : Cxiai^ A®IA^ 
the monomorphism defined by 

(^W(c) = (^(c)®V for all cGC, (e 8.291) 

•f^^Kua^) = 'f{ua^)®i{u„)®luk-i, (e8.292) 

(mq2 ) = ip{ua2 ) «) Iw «) z(ua) «) luk-1 , (e 8.293) 

(e 8.294) 

(P^''\uai^) = ((/?(««,) 1^(^-1)) ^^K). (e 8.295) 

Let {«!, 02, Ofc} be a set of generators for A(Z'^). Define Aj : iJ — > Aut{C) by {ai, •••) 
j = l,2,...,k. Denote by (pj : C xa^ Z-' — > A the homomorphism (p\cysj^.v and v?^-'^ = P>^j\ 
j = l,2,...,k. 

Denote by Bi = B{ip, A) the AF-algebra defined in [131 Define Bj+i{ip, A) = B{ip^^+^\Bj (g) 
W),j = ia,-,k-l. 

Lemma 8.2. In U, there is a continuous and piecewise smooth path of unitaries {u{t) : t E [0,1]} 
in U such that 

u{0) =t{ua), u{l) = lu and (e 8.296) 

\{^^u{ty)dt = 0, (e8.297) 

where r is the unique tracial state oflA. 

Proof. There are two self-adjoint elements /ii, /12 such that 

p{u^) = e^^'^^e^^'^^, (e 8.298) 

where tp : U yi ^ —* U '^s defined in 12.111 (see [31] ) . 
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Define v{t) = e2'^*'^i(i-*)e2'^(*'^2(i-t). xhen v{0) = ip{ua) and v{l) = lu- Define w{t) = 
v{t) (g) v{t)* for t e [0, 1]. Then, 

— = <8) ® (e8.299) 

= (-i/ii)0li^ + (-ie2^*^i(i-*)/i2e-2^*^i(i-*))®lw (e8.300) 

+ ltY^(i/ii)®l^/ + (ie2-*^^^*"'^/i2e'"'^^(^-*))0l^/ (eS.SOl) 

Therefore 

= 0. (e8.302) 

Define u{t) = s{w{t)) for t G [0,1], where s is defined in [2TT1 Note that u{0) = s(w(0)) = 
s{ip{ua) (8) ip{ua)*) = i{ua) and n(l) = 1^^. Moreover, 

r(-^u(t) ) = r(s(^^u;(t) )) (e 8.303) 

= = (e 8.304) 

for all t G [0,1]. 

□ 

Lemma 8.3. There exists a continuous path of unitaries {w{t) : t G [0,oo)} oflA^lA such that 

lim w{t)*{i{ua) (g) ^(ucr))^i;(^) = z(n^) ® lu- (e 8.305) 

Proof. Let r be the unique tracial state of U. Using the standard conditional expectation, one 
computes that 

r(^(^^^)) = 0. (e 8.306) 
Let / = Y^=i ^i'^cr be a polynomial of Ug-, where Aj G C. Then 

rW/)) = Ao. (e 8.307) 

Similarly 

n 

Xi{tM (g) ^(^^^))^) = Aq. (e 8.308) 



1=1 



It follows that 



r(/Wn,))) = t(/(zK) zK))) (e 8.309) 



for all / G C(T), where we also use r for the unique tracial state olU ®U. 

Define /ii,/i2 : C(T) by /ii(/) = /(^K) 0^K)) and /i2(/) = f{i{ua))®lu for all 

/ G C(T). Since i^i(^/) = {0}, by (je 8.30911 . we have 

[hi] = [/12] in KK{C{T)M) and t o hi = t o /ig. (e8.310) 

Define : C(T) ^ M,,,,;,, by 

e{f){t) = i{u^)®u{t) for ah tG [0,1], (e 8.311) 
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where u{t) is a continuous piecewise smooth path of unitaries in U such that 

u{0)=t{ua), = It/ and / T{'^^^u{t)*)dt = (e 8.312) 

given by I8.2[ Then fjh-^^h2 = 0. By applying the main theorem of [49], there exists a continuous 
path of unitaries {w{t) : t G [0, oo)} dU ®U such that 

hm w{t)*{i{u^) (g) i{ua))w{t) = i{ua). (e 8.313) 

□ 

The proof of the following is similar to but easier than that of I8.3[ 
Lemma 8.4. There exists a continuous path of unitaries {u{t) : t G [0, oo)} dlA ®IA such that 

lim u{t)*{i{ua) (8) lu)ut = lu^i{ua)- (e 8.314) 

t^oo 

Lemma 8.5. Let C be a unital separable amenable C* -algebra, let A : Z'^ — > Aut{A) be a 
homomorphism such that {ai,a2, afc} forms a set of generators for A{Z^). Let ip : C ys /^Z^ —>■ 
A be a monomorphism. Then there exists a continuous path of unitaries {w{t) : t E [0,oo)} of 
A O U'^'' such that 

lim adw{t) o ((^(^))('=)(a) = ^^^Ha) (g) V- for all a EC. (e 8.315) 

4— >oo 

Proof Define ^jj : C a ^ A i^i W^^ as follows: 

2k 



V'(c) = 99(c) (g) Iw © Iw © • • • © Iw for all c G C, (e 8.316) 

i'iUax) = (p{Uai) i{Ua) i{Ucr) , (c 8.317) 

^'(tiaa) = '/'(tiaj) (g) 1^2 © i(Uo-) i(tio-) (8) (e 8.318) 

(e 8.319) 

ipiua^) = 99(tiQ, J ffi 1^2fc-2 © z(ucr) (g «(u<t)- (e 8.320) 

It is clear, by 18.41 that there exists a continuous path of unitaries {u{t) : t G [0, oo)} C U'^'' such 
that 

lim (1 (g) u(t))*((^(^))('=)(a)(l (g) u(t)) = V'(a) for all a e C. (e8.321) 

Therefore, to complete the proof, it suffices to show that there exists a continuous path of 
unitaries {w{t) : t G [0, oo)} of A (g) U'^'' such that 



lim adw{t) o V'(a) = ip'^''>{a) (g> l^k for ah a G C. (e 8.322) 

t— ►oo 



But this clearly follows from 18.31 

□ 

Corollary 8.6. Let C be a unital AH-algebra and let a G Aut{C) be an automorphism. Let A = 
A^U be a unital simple AF-algebra with a unique tracial state r and with Kq(A) = p^(A'o(^))- 
Suppose that ip\^Lp2 '■ C y^^TL ^ A are two unital monomorphisms such that 

T o ifi = T o and r/((y9i, (p2) = 0. (e 8.323) 
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Then, there exists a continuous path of unitaries {wt : t € [0, cxd)} C U{B ®hl) such that 

lim wl{il:i{a) ® lu)wt = i^2{a) ® lu for all a ^ C Xq, Z, (e 8.324) 

where B = B{if^\ Ai^U) and with 1^ = 1^, and ipi = J2 ° vl^^ (where j2 : A^U ^ B is defined 
m Ol) . i = 1,2. 

Proof. This follows immediately from 16.11 and 18.51 □ 

Lemma 8.7. Let Bi = Bi^U and B2 = B2 0U be two unital simple AF-algebras with unique 
tracial state and with pBi{Ko(Bi)) = KQ^Bi) which is also a subring ofM (i = 1,2). Suppose 
also that Bi ^U'' C B2, Ibi^W^ = I-B2 f^''^ some k > 1 and suppose that j is the embedding from 
Bi (2)U^ to B2. Let jo : Bi ^ B2 be a unital embedding such that (jo)*o = j*o- Then there is a 
continuous path of unitaries {ut : t € [0, 00)} C i?2 "X* such that 

lim u^(a (8) = jo(a) 6 (e8.325) 

t—Kxy 

for all a € Bi and b € U^. 

Proof. Note that [jo] = [j] in KK{Bi, B2). Let r be the unique tracial state of B2 then 

r o j = T o jo. 

Since Ki{Bi) = {0}, f^jyj = 0. It follows theorem 9.1 of [4^ (see also Theorem 1 of [Sl]) that 
(|e 8.3251) holds. 

□ 



9 The general cases 

In this section, we will show the main theorem of this paper. We will repeat the same argument 
deployed for the proof of 17.11 and use induction to present the proof. 

Definition 9.1. Let C be a unital separable amenable C*-algebra in J\f. 

(1) We say C has the property (PI) with integer > 1, if the following statement holds: 
Let A = A ® U he a unital simple AF-algebra with a unique tracial state r and with 

Kq[A) = pa{Kq[A)). There exists at least one unital monomorphism from C >s\1,^ into A. 
Suppose that 991, (/?2 : C xa — > A are two unital monomorphisms such that 

T o ipi = T o ip2 and fj{ipi,Lp2) = 0. (e 9.326) 

Then, there exists a continuous path of unitaries {wt : t G [0,oo)} C U{B <^U^) such that 

lim (V'i(a) (g) luk)wt = ■02 (a) l^^fc for all a G C xa Z'', (e 9.327) 

t— >oo 

where A <Z B = B ^li \s a, unital simple AF-algebra with a unique tracial state, with Kq{B) = 
Pb{Kq{B) which is also a subring of M and with 1a = 1b, and where V'i = J ° ^^l'^ (where 
j : A(^ IA'^ B \s a, unital monomorphism ), z = 1, 2. defined in l4.3p i = 1,2, 

(2) We say C has the property (P2) with integer k, if the following statement holds: 

Let A : Z'^ — > Aut{C) be a homomorphism, let A = A^U be a unital simple AF-algebra with 
a unique tracial state and with Kq{A) = pa{Kq{A)) which is also a subring of M. Suppose that 
there is at least one unital monomorphism from C >i\1i^ to A. Suppose that j : C xa Z*' ^ A 
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is a unital monomorphism. Let e > 0, ^ C C xia be a finite subset and let V C Ki{C xa ^'^) 
be a finite subset. There is (5 > and a finite subset {2/1,1/2, •••,2/m} C Ki[C xa '^^) satisfying 
the following: 

If /? : Ki{C xaZ^') ^ i^o(^) 

is a homomorphism with 

PA((/3(y,))(r) < 5, j = l,2,...,m, (e 9.328) 

where r is the unique tracial state of A, then there exists a unitary u ^ B such that 

||[V'(a), n]|| < e for ah a G and botti(^, = (e9.329) 

where = j^^'^ and /?' = (j2)*o o /? (^2 : A is as in 14. 3p . where A (Z B = B ®U \s a. unital simple 
AF-algebra with a unique tracial state, with Kq[B) = pb{Kq{B) which is also a subring of M 
and with 1^ = 1^ (j2 : j4 — > i? is the unital embedding). 

(3) We say that C has the property (P3) with integer k, if the following statement holds: 
Let A : Z'^ — > Aut{C) be a homomorphism and lei A = A ® U he a unital simple AF- 
algebra with a unique tracial state r and pAiKoiA)) = Kq{A). There exists at least one unital 
monomorphism from C Xa into A. 

Let /i : (C xiA Z'^) (g) C{T) ^ ^4 be a unital monomorphism. Let {ai,a2, ■■■,ak} be the set 
of generators of A(Z'^) and defined Ak-i : — > Aut{A) by {ai, 02, Ofc-i}- For any e > 
and a finite subset T C C xa Z*^, there exists 6 > 0, rj > 0, a finite subset Q C C xa Z*^, a finite 
subset ^ C C XAfe_i Z''-^ (g) C(T) and a finite subset V C Ki{C xa Z'') satisfying the following: 

Suppose that there is a unitary v G U{A) and a contractive completely positive linear map 
L : (C XA,_i Z'^-i) ® C(T) ^ A such that 

\\[h{a), v]\\<S for all a G ^, botti(/i, ?;)|p = and (e 9.330) 

T ° ^l(CxA,_i2;'=-i)^c(T) ~r? T o L on (e9.331) 

and 

L h on G and L(l (g z) 7; (e 9.332) 

and where z G C(T) is the identity function on the unit circle. Then there exists a unitary 
W e B^U'' such that 

Wih^^Hc), W]\\ < e for ah c e T and (e9.333) 

W*{v(^luk)W h{l(^z)(^luk, (e 9.334) 

where AcB = B0U is a unital simple AF-algebra with a unique tracial state, with Kq{B) = 
Pb{Kq{B) which is also a subring of R and with 1^ = 1b- 

(4) We say that C has the property (P4) with integer k, if the following holds: 

Let A : Z*^ — > Aut{C) be a homomorphism and let A = A ® U he a unital simple AF- 
algebra with unique tracial state r and pa{Kq{A)) = Kq{A). There exists at least one unital 
monomorphism from C xa Z'^ into A. For any e > and a finite subset T C C xa Z'^, there 
exists 6 > 0, a finite subset Q C C x^ Z and a finite subset V C K^^C xa Z^) satisfying the 
following: 

Suppose that ip : C xia'^^ ^ A is a unital monomorphism and suppose that there is a unitary 
V G U{A) such that 

\\[ip{a), v]\\ < S for all a G ^ and botti(93, u)|-p = 0. (e9.335) 
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Then there exists a continuous path of unitaries {vt : t € [0, 1]} C U{B ®U^) such that 

vo = v®l^k, vi = lj^t^ifk, \\[ip^''^a),vt]\\ < e (e 9.336) 

for all a € ^ and t E [0, 1], and 

Length({i;i}) < 27r + min{e, 1}., (e 9.337) 

where AcB = B0U is a unital simple AF-algebra with a unique tracial state, with Kq[B) = 
Pb{Kq[B) which is also a subring of M and with 1a = Is- 

Lemma 9.2. Let Cq be a unital separable amenable C* -algebra inJ\f which has the property (P4) 
with integer k — 1 > and let A : Z'^ — > Aut{Co) be a homomorphism such that {ai,a2, Ofc} 
forms a set of generators o/A(Z'^). Let Afc_i : — > Aut{CQ) be defined by {ai, ctfe-i}- 

For any e > and finite subset J- <Z Cq xia^..^ 'L^~^, there is 6 > 0, a finite subset Q C 
Co ^Afc_i ""^ and a finite subset V C Ki[Cq xaj._i Z*"'^^) satisfying the following: 

Suppose that A = A^U is a unital simple AF-algebra with a unique tracial state and with 
Ko{A) = pa{Ko{A)), suppose that ip : Cq yi^lJ^ ^ A is a unital monomorphism and suppose 
that there is a unitary v G Lf{A) such that 

\\[v, 9?(a)]|| < (5, for all a ^ Q and botti(99, v)|p = (e 9.338) 

then there is a unitary w G B (S> lA^ such that 

w'*(v5^''"'^boXA,_,z^-i(«)^ V)^ ~. '/'^*^"'^boXA,_,z^-i(«)^ V (e9.339) 
for all a^T and (e 9.340) 

w* u{v'5Si luk)w u, (e 9.341) 

where u = Lp^^\ua) and where AcB = B^Uisa unital simple AF-algebra with a unique 
tracial state, with Kq{B) = pb{Kq{B) which is also a subring o/M and with 1a = 1b- 

Proof. Let C = Cq XAfc_i Z'^^^. The proof is exactly the same as that of I3.2[ However, instead 
of using (/?', we use Lp^^~^^ and instead of applying the Basic Homotopy Lemma for AH-algebras, 
we apply the property (P4) with integer A; — 1. 

□ 

Theorem 9.3. Let Cq be a unital separable amenable C* -algebra in N which has the property 
(PI) with integer k — 1 and (P4) with integer A; — 1 > 0. 

Let K ■.WJ' ^ Aut[C) be a homomorphism and let A = A^IA be a unital simple AF-algebra 
with a unique tracial state r and Kq{A) = pa{I^q{A)). Suppose that {ai, 5 ctfc} forms a set 
of generators for A(Z'^). Denote Afc_i : jj^^"^ — > Aut[CQ) be defined by {ai,a2, 

Suppose that (^2 : C' xia Z'^ — > A are two unital monomorphisms such that 

T o ifi = T o ip2. (e 9.342) 

Suppose also that 

(Ki(Co >^A,_i Z*^-')) C pa{Ko{A)), (e 9.343) 

where jo : Cq xiAfe_i ^^^^ ^ Cq Ij^ is the embedding. 

Then there exists a sequence of unitaries {wn} C U{B ^U^) such that 

lim adtt;„ o ip9'\a) = ipi^^a) for all a£C yi^^, (e 9.344) 

n— »oo 

where A C B = B 0U is a unital simple AF-algebra with a unique tracial state, with Kq{B) = 
Pb{Kq{B) which is also a subring o/M and with 1a = 1b- 
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Proof. Let C = Co >^A^._l 1^^^ ■ The proof of this is exactly the same as that of I3.6i However, 
instead of applying 10.7 of [49j, (where AH-algebra is used) we use the property (PI), and 
instead of applying 13.21 we apply 19. 2[ 

□ 

Theorem 9.4. Let Cqo &e a unital separable amenable C* -algebra in M which has the property 
(PI) with integer k — 1. 

Then Cqo has the property (P2) with k. 

Proof. Let A : Z'^ ^ Aut{Coo) be homomorphism, let {ai,a2, a^} forms a set of generators for 
A(Z'') and let Ak-i : Z^"^ Aut{Coo) defined by {01,02, ...,ak-i}. Define Co = Coo XAfc.i^''""^- 
The proof is very much the same of that 14.41 but we apply the properties (PI) instead of using 
the assumption that Co is an AH-algebra. We proceed the same proof until ()e4.137p . Note 
that, since Coo satisfies property (PI) with integer k — 1. 19.31 holds. Next, instead of applying 
13.61 apply [9]3] to obtain a unital simple AF-algebra Bi D B (B as in the proof of l4.4p with a 
unique tracial state, with Kq{Bi) = pb{Kq{Bi)) which is also a subring of M and with Ib = 1_Bi 
for which Bi = Bi hi, and a unitary w Bi (E> such that (je4.138p holds with ipi replaced 
{h o ji)^^^ and ^ replaced by Then (Ie4.139p follows (with ip replaced by i^^^). 

□ 

Lemma 9.5. Let Coo be a unital separable amenable C* -algebra in J\f which has the property 
(P2) with k — 1, let h. : WJ^ ^ ^Mt(Coo) be a homomorphism such that {ai, •••) Ofc} forms a 
set of generators of A{Z^) and let A^-i : Z^~^ — > Aut{Coo) be defined {ai,a2, ctfc-i}. 

Let Co = Coo XAfc_i Z'^^^, let A = A(E)Li be a unital simple AF-algebra with a unique tracial 
state T and with Ko{A) = pa{Ko{A)) and let j : Cqo xia Z'^ — > A 6e a unital monomorphism, 
let € > 0, J- C Co be a finite subset and V C ^^^(Co) be a finite subset. There is S > 0, a finite 
subset ^ C Co, and integer K and a finite subset Q C KjCm Xa Z^) satisfying the following: 

Suppose that v £ U (A) is a unitary .such that 

\\[j{a), v]\\<6 for all a e Q and (e 9.345) 



[L]\Q = [j]\Q, (e9.346) 
where L : Coo >^a'Z^ A is a contractive completely positive linear map such that 

K K 

\\L{ fku'^- E jifk)ijMv)''\\<S (e9.347) 

k=-K k=-K 

for all fk G G. Then there exists a unitary w £ U{B ^U^) such that 

\\[j^''\a), w]\\<e for all a e T and (e 9.348) 

botti(i«|co, j^''Huarw*j^''\u^){v^lu,)w)\r = 0, (e9.349) 

where AcB = B0Uisa unital simple AF-algebra with a unique tracial state, with Kq{B) = 
Pb{I^o{B)) which is also a subring ofM. and with 1^ = 1_b. 

Proof. The proof of this lemma is almost the same as that of 15.21 but we apply the property 
(P2) (with A; — 1) instead of Lemma 7.3 of [l9]. We proceed as follows. 

We will keep the first paragraph of that proof and keep the line which defines V. Let 77 > 
(in place of 6), {yi, y2, y™} C i^i(Co)) be required by (P2) for eo/2 > 0, {xi,X2, ...,Xk} and 
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J-\. We then remove the paragraph related to Lemma 7.3 of [l9] right after the hne which defines 
V. 

We then continue the same proof until the line right after ()e 5.162p . We replace the next line 
by the following: 

By ()e 5.149P and by property (P2) with k — \ for Cqo, there is a unitary w € B®IA^ such that 
(je 5.163P holds with j replaced by where A d B = B®IA \s a unital simple AF-algebra with 
a unique tracial state, with Kq{B) = pb{Kq{B) which is also a subring of M and with 1^ = 1^- 
The rest of the proof remains the same by replacing j by j^^^ and v hj v ® l^fe. 

□ 

Theorem 9.6. Let Cq be a unital separable amenable C* -algebra inM which has property (PI), 
(P2), (P3) and (P4) with k-1. 

Then Cq has the property (P3) with integer k . 

Proof. The proof is the same as that of I5.3i The main difference is that we will use property 
(P3) instead of [2T3l 

We proceed as follows: 

Let A : Z'^ — > Ant(Co) be a monomorphism such that {ai,a2, Ofc} forms a set of generators 
for and let : V Aut{Co) defined by {ai,a2, •••,aj} (1 < J < A: - 1). 

Define C = Cq xa,,_, Z^-^. 

Since Cq has property (PI), (P2), (P3) and (P4) (with k - 1), EJ and ESI hold. 

We will not make changes from the beginning of the proof to (|e 5.177P and keep the definition 
of To with only a couple of exceptions: We will not apply [321 but apply [921 not 15.21 but 19.51 So 
we replace 13.21 by 19.21 and replace 15.21 by 19.51 in these lines. We also need, however, replace a by 

Oik- 

We may also assume that Q2 = QqU{1®z} for some finite subset Qq d C and Q2 = QqIJ{1®z} 
for some finite subset Qq. 

After we define tq (right after (le 5.177P ). we will apply property (P3) with integer k — 1. 

Let < (^3 < ^2 (in place of (5), 7/ > 0, ^ C Cq XAfc_i Z'^^-'^ (in place of Q) be a finite subset, 
Qi C (Co xiAfe_2 ^'^^^) ® C(T) (in place of Q) be a finite subset required and C Ki{C) be a 
finite subset required by (P3) (with k — 1) for min{J2/4, e/4} and Q'q. 

As in the proof of 15.31 without loss of generality, we may assume that Qi = Q'^® G'^, where 
{Ic} C C C and {lc(j),z} C G'^ C C(T) are finite subsets. 

We delete the lines after the definition of tq until the definition of jo of the proof of 15.31 
Keep the definition of jo and put V = (jo)*i('P4) and keep the same rji. We keep the next few 
lines but stop right after (Ie5.18n|] and replace (Ie5.172p by (Ie9.330p . (le 5.1731) by (je9.331|] and 
()e 5.174P by (|e 9.332p . Since we assume that (je 9.332p holds, we have 

botti(/i|c, v)1p4 = 0. (e9.350) 

By applying property (P3) (with A; — 1), we obtain a unitary Wq G Bi ®U^~^ such that 

\\[{h\c)^^-'^\c), w'q]\\ < min{(52/4,e/2} for all c G ^0 and (e9.351) 

{w'o)*{v l^fc-O-^o ~ min{fe/4,e/2}^(lCo «> 2^) O l^fc-l, (e 9.352) 

where A d Bi = Bi U is a unital simple AF-algebra with a unique tracial state, with 
Kq{Bi) = pbi{Kq{Bi)) which is also a subring of M and with 1^1 = 1^1- 
Define wq = Wq (gi lu- Then 

\\[h^''\c), wo]\\ < min{(52/4,e/2} for all c e Gq and (e9.353) 
{woYiv (g) luk)wo W min{52/4,£/2}/i(lCo ^ z) ® 1^*= (e 9.354) 
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Define V = {h^^\ua^))*'WQh^^\ua^)wQ. We then continue the same proof as in 15.31 as follows. 
We have 

||[/i(^')(a), < min{e/2,52/4} for all a G g'^. (e 9.355) 

Thus, there exists a unital contractive completely positive linear map Li : C xi^ Z'^ C(T) — > 
A ^U'^ which satisfies ()e 5.176P (replacing a by and h by h'^^'>) with = V. Therefore 

Li /i^'^) on g'i and Li(tz«J h^^\uc,^)V. (e 9.356) 

Note that 

[A]k = [/i^'^]k (e 9.357) 
By the assumption (le 9.330p and by ()e 9.354|] . 

botti(adwo o /i^'^^ f (8) l^^fcllll-Pg = botti(ad^i;o o /i^'^), ii)Q(t; lj^fe)i(;o)|-p3 (e9.358) 

= botti(/i(''), t;)|p3 = 0. (e 9.359) 

It follows that (since ker/o^i = {0}) 

[Li]W,)=^ = [h^''%m- (e9.360) 

Therefore, by applying 19.51 there is a unitary wi G U{{B2 '^lA^) such that 

||([/i('^))(^')(a), < (5i/2 for all a G ^1 and (e9.361) 

botti ((/!('=))('=), yi)|p, = 0, (e9.362) 

where Vi = (/i^'^') )('=)(«„ J *?i;|(/i(''))('^')(n„ J (F (g) l^^fc)^! and where Bi d B2 = B2 ®U is & 
unital simple AF-algebra with a unique tracial state, with Kq{B2) = pb2{Kq{B2)) which is also 
a subring of R and with l^i^^/fc = 1b2- Note that 

It follows from 19.21 that there exists a unitary W2 G U{B2 (^U"^^) such that 

y;*(((/jW){fc))(fc)(c))u;2 ~e/2 ((/i^'^^ ) ) ^^^^a) for all o G (e9.363) 
wl{w\{wlh^^\uc,^)wQ ® luk)wi) ® luk ® i{ua,) «e/2 (^^^'^ ) ^''H^a J ® Iw^-i ® (e9.364) 

Define Wi = {{wq O lw)tfi) (g> lu)w2- Then, by (Ie9.353p and (Ie9.354p . 

||[((/j(fe))(fc))W(c), ^^]|| < e for all c G and (e9.365) 
Wiiv li^3fc)W ~. /i(l ®z)(S) litsk. (e 9.366) 

Finally, we apply the absorption lemma 18.51 twice and 18.71 once. 

□ 

Lemma 9.7. Let C he a unital separable amenable C* -algebra in M and let tv.ll' Aut{C) 
be a homomorphism. Suppose that C has property (P3) for k. Then C has the property (P4) 
with k. 
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Proof. The proof follows from that of 15.61 almost verbatim. We replace the application of 15.31 
by the application of property (P3). So in (je 5.2271) . W should be in U{Bi®U^), v should be 
replaced hy v ® Ijjk, h{l ® z) Ijj replaced by h{l ® z) (g) l^k and ip should be replaced by 
ip^^\ where A0UcB = Bi^l/{ is a unital simple AF-algebra with a unique tracial state, with 
Kq{B) = pb{Kq{B)) which is also a subring of M and with Ia^u = 1_b- For the rest of the proof, 
we will continue use this W and replace ly by l^fc, '0 by ip'^^^ and V hy V ® Ijjk (and X{t) and 
Vt are in B ® lA^). 

□ 

Theorem 9.8. Let C he a unital separable amenable C* -algebra in M and let A : ^ Aut{C) 
be a monomorphism. 

Suppose that C satisfies property (PI), (P2), (P3) and (P4) for k — 1. Then C has property 
(PI), (P2), (P3) and (P4) fork. 

Proof. Since C has property (PI) (with integer k — 1). [9^31 holds. It follows from 19.4] and 19.61 that 
C has the property (P2) and (P3) for k. By 19.71 C also has the property (P4) for k. It remains 
to show that C has property (PI) for k. 

The proof is exactly the same as that of 16.11 

Suppose that {ai,a2, ...,ak} forms a set of generators for A(Z'^). Let A^-i : Z'^^^ — ^ Aut{C) 
be defined by {ai, a2, Ofc-i- 

In the proof of 16.11 we need to replace C by C xiA^.i Z , a by ak, "01 aiid 1^2 by ip\ and 
ip'^\ respectively. In particular, ()e 6.2480 holds for ip[''^ and ip^2^ (instead of ipi and ip2)- We 
also replace A (>$) U hy Bi (>$) lA^ for some unital simple AF-algebra Bi which has the properties: 
(1) AcBi^Bi®U, (2) Kq{Bi) = pbAKq{Bi)) is a subring of R, (3) U = Ib^. 

We will prepare to apply (P4) (with k) instead of 15.61 We will apply property (P2) (with 
k). Hence (je 6.2580 holds by replacing ^2 by {ip^2^)^^\ We proceed the same calculation and 
apply property (P4) (with k) to obtain (|e 6.2810 with tp!^ being replaced by {{^^^2^)^^^)''^'' and 
with Vn{t) € B2 (>S>U^, for some unital simple AF-algebra B2 = B2 ® lA which satisfies: (1) 
Bi®U^ d B2, (2) Ko{B2) = pB,{Ko{B2)) which is a subring of M, (3) l^.^yk = Is^. 

We then obtain (Ie6.282p with ip'l and V2 being replaced by (99^^ )('=))('=) and (99^''^) ('=))('=), 
and with u{t) e B20 U"^^ . 

Finally, to obtain (je 6.24ip . we apply the absorption lemma [831 twice. 

□ 

Theorem 9.9. Let C be a unital separable amenable C* -algebra in M . Suppose that A : Z'^ — s- 
Aut{C) is a homomorphism so that {01,02, ...,0^} forms a set of generators for A(Z^) and 
suppose that Aj^-i : Z^~^ Aut{C) defined by {ai,a2, ...,ak-i}. 

Suppose that there is a unital monomorphism : C xa^^i '^'^^^ A, where A = A^U is a 
unital simple AF-algebra with a unique tracial state r and with Kq{A) = pAiLCoiA)) such that 
T o (p is Ok-invariant. 

Suppose C has property (PI) with k—1. Then there is a unital monomorphism ip : C >'1a'^^ 
B for some unital simple AF-algebra with a unique tracial state ri and with Kq{B) = pb{Kq{B)) 
such that 

n o -0 o jo = T o (e 9.367) 

where jo : C XAfc_i Z^~^ C xi^ Z^ is the embedding. 

Proof. The proof is an application of Theorem 5.5 of [49] exactly as in the proof of 17.11 (see also 

EH). 

□ 
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Theorem 9.10. Let C be a unital separable AH-algebra and let A : Z*^ — > Aut{C) be a monomor- 
phism. Then C can be embedded into a unital simple AF-algebra if and only ifC admits a faithful 
A-invariant tracial state. 

Proof. It suffices to show the "if part" of the theorem. 

Suppose that {ai, •••) Ofc} forms a set of generators for A{Z^). Denote by Aj : — > 
Aut{C) defined by {ai, 02, aj}, j = 1, 2, k. 

By Sai [Ol si] and ED C has property (PI) (P2), (P3), (P4) for k = I. Theorem [9J] (or 
I8.6p imphes that there is a unital monomorphism ip2 : C xi ^3 ^ ^2 , where A2 — A2 (SiU is a 
unital simple AF-algebra with a unique tracial state T2 and with Kq(A2) = p^2(-^o(^2)) such 
that 

T2 o (/?2 o ji = t, (e 9.368) 

where t is the chosen faithful A-invariant tracial state on C. In particular, 

T20if2=T20ip2oai, i = l,2,...,k. (e 9.369) 

We use the induction on k to prove the theorem. 
Suppose that we have shown the following: 

(1) C has the property (PI), (P2), (P3) and (P4) for i - 1. 

(2) There is a monomorphism ipi-i : C xia^.^ Z^~^ ^i-i, where Ai^i = Ai^i is a 
unital simple AF-algebra with a unique tracial state Tj_i and with i^o(^i-i) = (-f^o(^j-i)) 
such that 

ri_i o = rj_i o o aj, l = l,2,...,k. (e9.370) 

It follows from ESI that C has property (PI), (P2),(P3) and (P4) for i. It follows fromEj] 
that there is a unital monomorphism ipi : C xa^ Z* Ai = Ai ^ U for some unital simple 
AF-algebra Ai with a unique tracial state Tj and with i^o(^j) = PAiiKoiAi)) such that 

Tj o o jj = ri_i o (e 9.371) 

where ji : C XAi_i C xa, is the embedding. By ()e9.370p . we have 

TiOLpi = TiOipioai, / = 1,2, fc. (e 9.372) 

Thus, there is a unital monomorphism : C xi a — ^fcj where A^ = Af^ (g) U is a unital 
simple AF-algebra with a unique tracial state r and with KQ{Ak) = (-f^o(^fc))- 

□ 

Theorem 9.11. Let C be a unital AH-algebra and let G be a finitely generated (discrete) abelian 
group. Suppose that A : G — > Aut(C) is a homomorphism. Then C y\\G can be embedded into 
a unital simple AF-algebra if and only if C admits a faithful A-invariant tracial state. 

Proof. We use an argument of Nate Brown (see Remark 11.10 of |10j). Write G = Z*^ © Go, 
where Gq is a finite group. By the Green's theorem (Cor. 2.8 of [25]), there is a monomorphism 
h : G ys\ G {C ^A\^k ® Since G ^A\^^, has a faithful Aj^ft -invariant tracial state, 
there is a unital monomorphism : G xiai^^ ~^ ^ fo^' some unital simple AF-algebra. Then 
If gives a monomorphism tpi : (C x^i Z^) ® IC ^ A (E) IC. Thus cpi o h gives a monomorphism 
from G >iA G into A^ K.. Let e = (fi o h{l). Then e is a projection. Note that e{A (8) /C)e is a 
unital simple AF-algebra. 

□ 
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Corollary 9.12. Let X be a compact metric space and h. -.l]^ —* Homeo{X) be a homomor- 
phism, where Homeo{X) is the group of all homeomorphisms on X. Then the crossed product 
C{X) XI A Z*^ can be embedded into a unital simple AF-algebra if and only if there is a strictly 
positive A-invariant probability Borel measure. 
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